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Abstract. We show meromorphic extension and give a complete description of the divisors 
of a Selberg zeta function of odd type E (A) associated to the spinor bundle S on an odd 
dimensional convex co-compact hyperbolic manifold r\H 2 " +1 . As a byproduct we do a full 
analysis of the spectral and scattering theory of the Dirac operator on asymptotically hyperbolic 
manifolds. We show that there is a natural eta invariant r](D) associated to the Dirac operator 
D over a convex co- compact hyperbolic manifold r\H 2n+1 and that 77(D) = ^ log Z° E (0) , 
thus extending Millson's formula to this setting. We also define an eta invariant for the odd 
signature operator, and we show that for Schottky 3-dimensional hyperbolic manifolds it gives 
the argument of a holomorphic function which appears in the Zograf factorization formula 
relating two natural Kahlcr potentials for Wcil-Petersson metric on Schottky space under some 
assumption on the exponent of convergence of Poincare series for the group Y. 



1. Introduction 

The eta invariant is a measure of the asymmetry of the spectrum of self-adjoint elliptic operators 
which has been introduced by Atiyah, Patodi and Singer as the boundary term in the index formula 
for compact manifolds with boundary pQ. For an elliptic self-adjoint pseudodifferential operator 
D of positive order acting on a bundle over a closed manifold, it is defined as the value at s = 
of the meromorphic function 

/ \ 1 r 00 / \ 

, { D,s) := Tr (z^)"*) = J^^y [ ^ (^) *, 

which admits a meromorphic continuation from 5R(s) > to s e C and is regular at s = 0. In 
heuristic terms, r](D) := rj(D,0) computes the asymmetry Tr(Z)|Z?| _1 ). 

By applying Selberg's trace formula, Millson [26] proved that for any (4m — l)-dimensional 
closed hyperbolic manifold Xp := r\H 4m_1 , the eta invariant r/(A) of the odd signature operator 
A on odd forms A odd = ©p™ A 2p_1 can be expressed in terms of the geodesic flow on Xr- Millson 
defined a Selberg zeta function of odd type by 

\ |det{W-P( 7 )*)|i * 

where D 3 denotes the set of primitive closed geodesies in Xr, R("f) G SO(4m — 2) is the holonomy 
along a geodesic 7, x± denotes the character associated to the two irreducible representations of 
SO (4m— 2) corresponding to the ±i eigenspace of ★ acting on A 2 ™ -1 , P(j) is the linear Poincare 
map along 7, and £(7) is the length of the closed geodesic 7. Then he showed that A (A) extends 
mcromorphically to A G C, its only zeros and poles occur on the line 5ft(A) = with order given in 
terms of the multiplicity of the eigenvalues of A, and the following remarkable identity holds: 

e ™,(A) = Z £ A {0). 

It is somehow believed that central value of Ruelle or Selberg type dynamical functions have some 
kind topological meaning and this identity, as well as Fried's identity [7], provide striking examples. 
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It is a natural question to try to extend this identity and to study the meromorphic extension 
and the zeros and poles of the zeta function Z^ A (A) on non-compact hyperbolic manifolds. The 
first step in this direction has been done in [28) for cofinite hyperbolic quotients, where Millson's 
identity holds with extra contributions from the cusps, in the guise of the determinant of the 
scattering matrix. In the present work, we carry out this program for convex co- compact manifolds, 
i.e., geometrically finite hyperbolic manifolds with infinite volume and no cusps. In dimension 3 
for the particular case of Schottky groups, our results have interesting connections to Teichmiillcr 
theory, as we explain below. 

The proof of the meromorphic extension of any reasonable dynamical zeta function on co- 
compact hyperbolic manifolds is contained in the work of Fried [8] using transfer operator tech- 
niques in dynamics, but as explained by Patterson-Perry [29], it extends to the convex co-compact 
setting in a natural way. However there is no general description of the zeros and poles, while we 
know in the co-compact and cofinite cases that these are related to spectral and topological data 
since the work of Selberg [31j . There are now some rather recent works of Patterson-Perry [29j and 
Bunke-Olbrich [3] which give a complete description of the zeros and poles of the original Selberg 
zeta function on convex co-compact hyperbolic (real) manifolds. The case of homogeneous vector 
bundles is not yet completely described. 

In this paper we study mainly the Dirac operator acting on the spinor bundle E over a convex 
co-compact hyperbolic manifold Xp := r\H 2n+1 . The basic quantity associated with T for this 
case is its exponent Sr defined to be the smallest number such that 

(1.2) cxp(-(A + n)r 7 ) < oo 

for all A > Sr- Here r 7 denotes the hyperbolic distance dapn+i (m, 7m) for a fixed point m e H d+1 . 
Note that our definition of Sp is shifted from the usual one by —n. For A > Sr, we define the Selberg 
zeta function of odd type Z^ E (A) associated to the spinor bundle £ exactly like in (jl.ip except that 
R{j) denotes now the holonomy in the spinor bundle S along 7, and x± denote the character of 
the two irreducible representations of Spin(2n) corresponding to the ±i eigenspaces of the Clifford 
multiplication cl(T 7 ) with the tangent vector field T 7 to 7. Like for the hyperbolic space H 2ti+1 , 
the Dirac operator D acting on the spinor bundle E on a convex co-compact hyperbolic manifold 
Xr has continuous spectrum the real line R, and one can define its resolvent for -Ji(A) > in two 
ways 

i?+(A) := (D + iX)-\ andi?_(A) := (D - 
as an analytic family of bounded operators acting on L 2 (Xr, £). We then first show 

Theorem 1.1. The Selberg zeta function of odd type Z^ S (A) associated to the spinor bundle E on 
a convex co-compact odd dimensional spin hyperbolic manifold Xr = r\H 2n+1 has a meromorphic 
extension to C and it is analytic in {5R(A) > 0}. The resolvents R±(X) of the Dirac operator have 
meromorphic continuation to X G C when considered as operators mapping Cg°(Xr, E) to its dual 
C~°°(Ar,E*) 7 and the poles have finite rank polar part. A point Xq € {3?(A) < 0} is a zero or 
pole of Zy s(A) if and only if the meromorphic extension o/i?+(A) or of R^{X) have a pole at Xq, 
in which case the order of Ao as a zero or pole of Z^ S (A) (with the positive sign convention for 
zeros) is given by 

RankRes^ i?_(A) — RankResA i?+(A). 

In so far as analysis is concerned, we deal with a much more general geometric setting in 
arbitrary dimensions and we prove various results which were previously known for the Laplacian 
on functions. We consider asymptotically hyperbolic manifolds (AH in short). These arc complete 
Riemannian manifolds (X, g) which compactify smoothly to a compact manifold with boundary 
X, whose metric near the boundary is of the form g = g/x 2 where g is a smooth metric on X 
and x is any boundary defining function of dX in X, and finally such that \dx\g = 1 at dX, 
a condition which is equivalent to assuming that the curvature tends to —1 at the boundary. 
Convex co-compact hyperbolic manifolds are special cases of AH manifolds. We show that the 
spectrum of D on AH manifolds is absolutely continuous and given by K, that the resolvents 
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R±(X) defined above have meromorphic extensions to A £ C, and we define the scattering operator 
5(A) : C°°(dX, E) — > C°°(dX, E) by considering asymptotic profiles of generalized cigenfunctions 
on the continuous spectrum. The family S(X) extends to a meromorphic family of elliptic pseudo- 
differential operators acting on the boundary with the same principal symbol as D/ l0 \Dh a | 2A_1 
(up to a multiplicative constant), where Dh is the Dirac operator induced by the metric g\xdx- 
The scattering operator is a fundamental object in the analysis of Selberg zeta function for convex 
co-compact manifolds, and we study it thoroughly in this work. We also show in a related note 
[14| that the construction and properties of the scattering operator have some nice applications, 
for instance the invertibility of S(X) except at discrete A's implies that the index of vanishes 
(the so-called cobordism invariance of the index), and the operator i(Id — S(Q)) is the orthogonal 
Calderon projector of the Dirac operator D on g, providing a natural way of constructing the 
Calderon projector without extending or doubling the manifold X. 

In a second time, we prove that Millson's formula holds on convex co-compact manifolds for 
the Dirac operator, and also for the signature operator under some condition on 5r- 

Theorem 1.2. Let Xy = r\H 2n+1 be an odd dimensional convex co-compact hyperbolic manifold. 
Then the function Tr^De"" 5 ) G C°°{X r ) is in L 1 (Xr) where Trx: denotes the local trace on the 
spinor bundle. The eta invariant rj{D) can be defined as a convergent integral by 

1 f°° / f \ 

(1.3) V (D):=^=J t~\J x TMDe- tD2 )(m,)dv(m)jdt, 

and the following equality holds 

(1.4) e™* 13 ) = Zr,s(0). 

When In + 1 = 4m — 1, the eta invariant tj(A) can also be defined replacing D by A and E by 
A odd = 2 ™ o A 2p _1 in (|1.3[) . and if the exponent of convergence of Poincare series 6r is negative, 
we moreover have e mr, ( ' = Zp A (0). 

The assumption about Sr for the equality e 7 ™ 1 ^" 4 -' = Z£ A (0) is rather a technical condition than 
a serious problem. Most of the analysis we do here for Dirac operator D goes through without 
significant difficulties to the signature operator A, but it appears to be slightly more involved 
essentially due to the fact that the continuous spectrum of A has two layers corresponding to 
closed and co-closed forms. The complete analysis for forms in all dimensions will be included 
elsewhere. 

To conclude this introduction and to motivate the eta invariant r](A) of the odd signature 
operator A, we describe the particular case of Schottky 3-dimensional manifolds with St < 0, 
where the eta invariant r){A) can be considered as a function on the space of deformations. The 
Schottky space & g is the space of marked normalized Schottky groups with g generators. It 
is a complex manifold of dimension 3g — 3, covering the Riemann moduli space SEJl g and with 
universal cover the Teichmiiller space 1 g . It describes the deformation space of the 3-dimensional 
hyperbolic Schottky manifolds Xp = T\M 3 as well as the one of boundary Riemann surfaces. Like 
T g , the Schottky space & g has a natural Kahler metric, the Wcil-Petersson metric. In [32l [33] . 
Takhtajan-Zograf constructed two Kahler potentials of the Weil-Petersson metric on & g , that is, 

ddS = dd( - 127rlog , De ) A ) = 2ito W p 
\ act 1m t / 

where d and d are the (1, 0) and (0, 1) components of the de Rham differential d on 6 g respectively, 
and ujwp is the symplectic form of the Weil-Petersson metric; here S is the so-called classical 
Liouville action, Det A is the (^-regularized determinant of the Laplacian A on the Riemann surface 
determined by the hyperbolic metric (i.e. a point of & g ) and r denotes a period matrix. We show 
that 
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Theorem 1.3. The function F defined on 6" := {T G & g ;5 r < 0} by 

DctA ( S . , .\ 

is holomorphic. In particular, the eta invariant n(A) is a pluriharmonic function on 6°. 

The condition or < in Theorem 11.31 simplifies the proof at several stages. But, one can expect 
that a similar result still holds over the whole Schottky space 6 g . This extension problem will be 
discussed elsewhere. 

Acknowledgements The authors thank the KIAS Seoul (South Korea) where part of this 
work was started and completed. We are also grateful to the CIRM in Luminy for funding us 
through a 'Research in Pairs' in January 2008. C.G. was supported by grants ANR05-JCJC- 
0107091 and NSF0500788, he thanks the MSRI at Berkeley where part of this work was done. 
S.M. was supported by grant PN-II-ID-PCE 1188 265/2009. 

2. The Dirac operator on real hyperbolic space 

2.1. Dirac operators over hyperbolic spaces. The (d + l)-dimensional real hyperbolic space 
is the manifold 

U d+1 = {xe R d+2 | xl + x\ + . . . + x\ - x 2 d+1 = -1, x d+1 > } 

equipped with the metric of curvature —1. The orientation preserving isometries of H d+1 form 
the group SO(d + 1, 1). The isotropy subgroup of the base point (0, ... ,0, 1) is isomorphic to 
SO(d +1). Hence the real hyperbolic space H d+1 can be identified with the symmetric space 
SO{d + 1, l)/SO(d + 1). Since G = Spin(d + 1, 1), K = Spin(d + 1) are double coverings of 
SO(d + 1, 1), SO(d + 1) respectively, we see that SO(d + 1, l)/SO(d + 1) = G/K and we use 
the identification H d+1 = G/K for our purpose. We denote the Lie algebras of G, K by g = 
spin(d + 1, 1), i = spin(d + 1) respectively. The Cartan involution 8 on g gives us the decomposition 
g = 6 © p where 6, p are the 1,-1 eigcnspaces of 9, respectively. The subspace p can be identified 
with the tangent space T a (G/K) = g/6 at o = eK £ G/K. The invariant metric of curvature —1 
over H d+1 is given by the normalized Cartan-Killing form 

(2.1) (X,Y) :=-±C{X,0Y) 

where the Killing form is defined by C(X, Y) = Tr(adX o adF) for X, Y £ g. 

Let o be a fixed maximal abelian subspace of p. Then the dimension of a is 1. Let M = Spin(d) 
be the centralizer of A = cxp(a) in K with Lie algebra m. We put j3 to be the positive restricted 
root of (g, a). Let p denote the half sum of the positive roots of (g, a), that is, p = ^f3. From now 
on, we use the identification 

(2.2) ac = C by A/3 — ► A. 

Let n be the positive root space of f3 and N = exp(n) C G. The Iwasawa decomposition is given 
by G = KAN. Throughout this paper we use the following Haar measure on G, 

(2.3) dg = a 2p dk da dn = a~ 2p dn da dk 

where g = kan is the Iwasawa decomposition and a 2p = cxp(2p(loga)). Here dk is the Haar mea- 
sure over K with J„ dk = 1, da is the Euclidean Lebesgue measure on A given by the identification 
A = M via a r = exp(rTJ) with H £ o, /3(H) = 1, and dn is the Euclidean Lebesgue measure on N 
induced by the normalized Cartan-Killing form (•, •) given in (|2.1|) . 

The spinor bundle E(H d+1 ) can be identified with the associated homogeneous vector bundle 
over M d+1 = G/K with the spin representation Td of K = Spin(d + 1) acting on V Td = C 2 d+1/2 ; 
that is, 

(2.4) E(H <i+1 ) =Gx Ti V Ti — ► M d+1 = G/K. 
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Here points of G x Ti V Td are given by equivalence classes [g,v] of pairs (g,v) under (gk,v) ~ 
(g,Td(k)v). Hence the sections of G x Tj V Td from G/K consist of functions / : G — > V Td with the 
if-equivariant condition, 

f(gk) = r^ky^ig) 

for g £ G, k € K. Recall that is irreducible if d + 1 is odd, while it splits into 2 irreducible 
representations if d + 1 is even. 
Let us denote by 

V : C 00 (M d+1 ,S(e d+1 )) — ► C°°(H d+1 ,T*(H d+1 )® E(H d+1 )) 

the covariant derivative induced by the lift of the Levi-Civita connection to the spinor bundle 
E(H d+1 ), and by cl : T m (M d+1 ) -> EndS m (H d+1 ) the Clifford multiplication. Then the Dirac 
operator D m a+i acting on C£° (H d+1 , E(H d+1 )) is defined by 

d 

^+i/M = 5>l( e ,)V ej /(m) for /eC ~(H d+1 ,£(H d + 1 )) 

3 = 1 

where (ej)j=i denotes an orthonormal frame of T m (M d+1 ). The Dirac operator D M d+i is an 
essentially self-adjoint, elliptic and G-invariant differential operator of first order, and we use 
the same notation for its self adjoint extension to L 2 (M d+1 , S(H d+1 )). It is well known that the 
spectrum of D-gd+i on L 2 (M d+1 , E(H d+1 )) consists only of the absolutely continuous spectrum R 
(for instance, by Corollary 4.11 in [5]). 

2.2. The resolvent on H d+1 . Let us define the resolvent in the half plane {9?(A) > 0} by 

R M d+i(X) := (-Djjd+i + A 2 ) 1 

which maps L 2 (M d+1 , S(H d+1 )) to itself. Recall the hypergeometric function F(a,b,c, z) defined 
by 



^ T(a)T(b)T(c + k) 
Then we have from the work of Camporesi [HI Th. 6.2 and 6.3] 

Proposition 2.1. [Camporesi] For 0?(A) > 0, the respective Schwartz kernels of R m d+i(X) and 
D H d+ii? H d+i (A) are given by 

R m+l (A; m, m') =2"^-^ £l^±^£^ (cosh(r/2))- 2 (^) 
(2.5) 1(2A + 1) 

x F(^y^ + A, A, 2A + 1, coslT 2 (r/2)) J7(m, m'), 

(2.6) 

D H , +1 fi Hd+1 (A; m, m') = - 2 -(W )7r -^ r (^+ - W + 1) ( cosh(r/2)) -( d+ i)-2A sinh(r/2) 

x F( ( -±- + A, A + 1, 2A + 1, cosh- 2 (r/2))c\(v m , m ,)U(m, to') 

where r = d H d+i(m, to') for m,m' £ M d+1 , u m , m ' is t/ie wm£ tangent vector at m to the geodesic 
from m' to to and U (to, m') is the parallel transport from vnl to to along the geodesic between 
them. Moreover Bjjd+i (A) has an analytic continuation in<C \ {0} with a simple pole at A = and 
D^d+iR^d+i (A) admits an analytic continuation to A £ C. as distributions on H d+1 x H d+1 . 

Remark. If one denotes i? H £i+i (A; to; to') = J\(r)U(m,m') where r = d H n+i(m,m'), the function 
J\(r) satisfies that J\(r) — J-\(r) is smooth in r near r = 0. This can be checked using func- 
tional equations of hypergeometric functions but actually follows directly from elliptic regularity 
since J\(r) — J-\(r) (since the difference of resolvents too) solves an elliptic ODE. The kernel 



r(o + k)T(b + k)T(c) k 
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Z?II(A;to,to') of Z)(i?jjd+i(A) — i?jj<j+i(— A)) is then also smooth near the diagonal m = ml and 
following the proof of [HI Th 6.3], we see that it can be written under the form 

1 <9 cosh -2 (r/2) ( (cosh" 2 (§))-ii/ A (cosh" 2 (§)) j 
DIl(X;m,m ) = --sinh(r) ^ TJTKd+i -cK v m,m>)U(m, m ) 



2 y ' cosh(§)^ 



where £/a(cos1i 2 (r/2)) := J\(r) — J-\(r) with H\(u) smooth near u = 1. Then we deduce that 
on the diagonal DH(X;m,m) = 0. 

2.3. Dirac operators over convex co-compact hyperbolic manifolds. Let T denote a con- 
vex co-compact torsion- free discrete subgroup of G = Spin(d +1,1) such that its co- volume 
Vol(r\G) = oo. Hence 

X r := T\G/K 

is a (d+ l)-dimensional convex co-compact hyperbolic manifold of infinite volume, which is a spin 
manifold by construction. The boundary dW d+1 , which can be identified with K/M, admits a 
T-invariant decomposition into fl(T) U A(r) where f2(r) ^ is open and T acts freely and co- 
compactly on H d+1 U f2(T). Hence X T can be compactified by adjoining the geodesic boundary 

r\n(r). 

By the identification ()2.4|) of the spinor bundle S(H d+1 ) with the homogeneous vector bundle 
G x Td V Td , we can also identify the spinor bundle H(Xr) over Xr with the locally homogeneous 
vector bundle T\(G x Td V Td ). Here T acts on G x Td V Td by 7[<7,i>] = [yg, v] for 7 G T. We can 
also push down the Dirac operator D M d+i to Xr, which we denote by D. We also use the same 
notation for its unbounded self-adjoint extension in L 2 (Xr, E(Xr)), that is, 

D : L 2 (X r ,E(X r )) — + L 2 ((X r , E(X r )). 

By CorollaryEJ] (Corollary 7.9 and Theorem 11.2 in g]), the Dirac operator D over L 2 (X r , E(X r )) 
has no discrete spectrum and only absolutely continuous spectrum R. 

3. Resolvent of Dirac operator on Asymptotically Hyperbolic manifolds 

In this section, we analyze the resolvent i?(A) of D 2 on an asymptotically hyperbolic manifold 
(AH in short) of dimension (d + 1). An asymptotically hyperbolic manifold is a complete non- 
compact Ricmannian manifold (X, g) which compactifics in a smooth manifold with boundary 
X and there is a diffcomorphism -0 (called product decomposition) from a collar neighbourhood 
[0, e) x x dX of the boundary to a neighbourhood of dX in X so that 

/ Q1 s ,* dx 2 + h x 

(3-1) v g = o — 

for some one-parameter family of metrics h x on the boundary dX depending smoothly on x G [0, e). 
By abuse of notations, we will write x for ip*x, and x is then a boundary defining function in X 
near dX, satisfying Idxl^ = 1. A boundary defining functions satisfying Icfal^g = 1 near the 
boundary is called geodesic boundary defining function, and it yields a diffcomorphism ?/> like in 
(|3.ip by taking the flow of the gradient V x 9 x starting at the boundary. Following the terminology 
of [TT] , we shall say that 

(3.2) the metric is even if the Taylor expansion of h x at x = contains only even powers of x. 

This property does not depend on the choice of the diffcomorphism ip but only on g, see [111 
Lemma 2.1]. It is well known that convex co-compact quotients Xr = r\H d+1 are even AH 
manifolds (see [24]). Note that the metric ho is not canonical since it depends on the choice of ijj, 
but its conformal class [ho] is canonical with respect to g. 
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3.1. O-structures, spinor bundle and Dirac operator. Following the ideas of Mazzeo-Melrose 
[24] (and refer to this paper for more details), there is a natural structure associated to AH 
manifolds, this is encoded in the Lie algebra Vq(X) of smooth vector fields vanishing at the 
boundary, whose local basis over G°°{X) is given near the boundary dX by the vector fields 
(xd x , xd Vl , . . . , xd Vd ) if {x,y\, . . . ,yd) is a local chart near a point p £ dX and x is a smooth 
boundary defining function in X. The algebra is also the space of smooth section of a bundle °TX 
with local basis near p given by (xd x ,xd Vl , . . . ,xd Vd ) and its dual space is denoted °T*X, with 
local basis (dx/x, dy±/x, . . . , dyd/x). The metric g is a smooth section of the bundle of positive 
definite symmetric form 5| (°T*X) of °T*X. 

Let us define g := x 2 g where a; is a boundary defining function appearing in (|3.ip . If {X,g) is 
orientable, there exists an SO(d + l)-bundle Q F(X) — > X over X, but also an SO(d + l)-bundlc 
°,F(X) — > X defined using the 0-tangent bundle °TX and the metric g smooth on it. If (X,g) 
admits a spin structure, then there exists a 0-spin structure on (X, g) in the sense that there is a 
Spin(d+ l)-bundle ° S F{X) — > X which double covers °,F(X) and is compatible with it in the usual 
sense. This corresponds to a rescaling of the spin structure related to [X, g). The 0-spinor bundle 
°T,(X) can then be defined as a bundle associated to the Spin(d+ 1) principal bundle °.F(X), with 
fiber at p € X 

%(X) = (° s F p x V Td )/r d . 

The vector field xd x :— x\7 9 (x) in the collar neighbourhood is unit normal to all hypcrsurfaccs 
{x = constant}. The 0-spinor bundle on X splits near the boundary under the form 

°S = °E+ © where °S± := ker(cl(a:d x ) T i), 

note that this splitting is dependent of the choice of the geodesic boundary defining function x 
except at the boundary dX where it yields an independent splitting of the spinor (since the first 
jet of iV 1 9 x is independent of x at dX), To avoid confusions later (and emphasize the fact that 
it is only depending on the conformal class (dX, [ho])), we shall define c\{y) the linear map on 

c\(v)ij} ■= cl(xd x )ip. 

At the boundary, °S|gx i s diffcomorphic to the spinor bundle T,(dX) on (dX, ho), this is not 
canonical since it depends on ho and thus on the choice of x, however the splitting above is. 
Notice also that in even dimension, the splitting °E + © near the boundary is not usual 
splitting of the spinor bundle. The Dirac operator near the boundary has the form 

(3.3) D = x% {c\{xd x )xd x +P)x-i, P e DiffJ(X; £) 

where P is a first order differential operator in tangential derivatives, which anticommutes with 
cl(xd x ) and such that P = xDh +0{x 2 ) where Dh is the Dirac operator on dX equipped with the 
metric ho- If the metric g is even, it is easy to see that locally near any point y' of the boundary, 
if {xd x ,xYi, . . . ,xYd) is an orthonormal frame near y' and (x,y) are coordinates on [0, e) x dX 
there, then P is of the form 

P = Y / P l (x 2 ,y;Vl Yi ) 

i=l 

for some differential operators Pi of order 1 and with smooth coefficients in (x 2 ,y). This can be 
checked for instance by using that D = xi +1 Dx~i where D is the Dirac operator for the metric 
g := x 2 g which is smooth in the coordinates (x = x 2 , y) down to x = 0. From these properties, it 
is straightforward to check that if g is even, then for x geodesic boundary defining function fixed, 
D preserves the space A± C C°°{X, E) of smooth spinors which have expansion at the boundary 
of the form 

oo 

(3.4) a ~ x -> J2 xj ^' with ^ G E ±(' 9 ^) and V^j+i G E T (dX). 

3=0 
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3.2. The stretched product. Following Mazzco-Mclrose [23], we define the stretched product 
X x Q X as the blow-up [X x X,Ag) of X x X around the diagonal in the boundary Ag := 
{{VtU) G dX x dX}. The blow-up is a smooth manifold with codimension 2 corners, and 3 
boundary hypersurfaces, the left boundary denoted lb, the right boundary denoted rb and the 
new face, called 'front face' and denoted ff, obtained from the blow-up. The blow-down map is 
denoted P : X x X — > X x X and maps int(lb) to dX x X, int(rb) to X x dX and ff to Ag. 
The face ff is a bundle over Aa ~ dX with fibers a quarter of d-dimensional sphere. Let us use 
the boundary defining function x in (|3.ip . which induces x := ~k*jX and x' := k* r x as boundary 
defining functions ofXxl where ttr, ttl are the right and left projection IxI^I. The fibre 
ftp of the front face ff (with p = (y',y') G dX x dX) is, by definition of blow-up, given by the 
quotient 

(3.5) ff p = ^N p (A d ,dX x dX) x (R+d x ) x (R+d x ^ \ {0}) / {(w,t,u) ~ s(w',t',u'),s > 0} 

where in general N(M, Y) denotes the normal bundle of a submanifold M in a manifold Y. Since 
T y tdX is canonically isomorphic to N £ (A a ,dX x dX) by z G T y -dX -> (z,-z) G T p (dX x dX), 
ho(y') induces a metric on N p (Ag,dX x dX). Then ff p is clearly identified with the quarter of 
sphere 

ff p ~ {w + td x + ud x , G N p (A a , dX x dX) x {R+d x ) x (R+d x ,), t 2 + u 2 + \w\ 2 ho[yl) = 1}. 

In projective coordinates (s := t/u, z := w/u) G (0, oo) x W 1 , the interior of the front face fiber ff p 
is a half-space diffeomorphic to H d+1 . In the same way we define the blow-up X XqOX of X x dX 
around Ag and the blow-up dX Xq dX of dX x dX around Ag. The first one is canonically 
diffeomorphic to the face rb of X XqX while the second one is canonically diffeomorphic to lbflrb. 
The manifold X x X carries the bundle 

£ =°-E(X)® E*(X) 

which on the diagonal is isomorphic to End(°E). This bundle lifts under (3 to a bundle over XxqX, 
still denoted by £, whose fiber at the front face ff is given by °S y /(X) Kl °T, y ,(X) everywhere on 
the fiber S p (here p = (y',y r ) G Ag) if °Ey>(X) is the fiber of °S(X) at the point y' G dX. 

On a manifold with corners M with a smooth bundle E — > M, let us denote by C°°(M,E) 
the space of smooth section of E which vanish to all order at the (topological) boundary and let 
C~°°(M, E*) be its dual, the elements of which are called extendible distributions. Then (3* is an 
isomorphism between C°°{X x X; £) and C°°(X Xq X; £) and also between their duals, meaning 
that distributions onXxX can be as well considered on the stretched product. In what follows, we 
consider the Schwartz kernel K A G C-°°(XxX,E) of an operator A : C 100 ^, !]) -> C -00 ^, °S) 
defined by 

where (., .) is the duality pairing using the volume density of the metric. By abuse of notations we 
will write A(m, m!) for KA(m, to') and the bundle £ at the diagonal will be identified to End(°S). 

3.3. Pseudo-differential operators. We define the space ty™' '^ (X; £) for m 6 M, a,/3 G C 
as in J5TJ [23], and refer the reader to these references for more details. An operator A is in 
^'"'^(X; £) if its Schwartz kernel Ka lifts to X x$ X to a distribution (3*{Ka) which can be 
decomposed as a_sum K\ + K\ with K\ G pg/^C 00 ^ x X; £) and ^ G I$(X x X, A; £) 
where I™(X x X, A; £) denotes the space of distribution on X x X classically conormal to the 
lifted diagonal A := (3*({(m, m) £ X x X}) of order to and vanishing to infinite order at the left 
and right boundaries lb U rb. 

3.4. Microlocal structure of the resolvent on H d+1 . We want to describe the resolvent kernel 
as a conormal distribution on a compactification of M d+1 x M d+1 , in order to show later that a 
similar result holds for convex co-compact quotients and more generally asymptotically hyperbolic 
manifolds. Here we let H d+1 be the natural compactification of H d+1 , i.e. the unit ball in 
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Lemma 3.1. The analytically extended resolvent i?± (X) :— (D^d+iHX) 1 of the Dirac operator 
£> H d+i on M d+1 is in the space % 1 ' X +i* x +i (fp+T ; £). 

Proof. This is very similar to the case of the Laplacian on functions dealt with in |24| , since we have 
cosh(r/2)~ 2 G ( 0ibPrbC oo (lHI d + 1 XoH d+1 \ A) and is a smooth function of the distance, and since, by 
the remark after Lemma [A.2| the lift of U (to, to) by (3* is smooth on M d+1 x M d+1 , combining the 
formulae (|2.5[) , (|2.6[) proves our claim, except for the singularity at the diagonal A. The conormal 
diagonal singularity can easily seen by applying the first step of the parametrix of Mazzeo-Melrose 
(we refer to the proof of Proposition 13.21 below) near the diagonal, indeed the construction shows 
that there exists Q° ± {X) G *- 1 ' 00 ' 00 (lP+ r ; £) such that (D md +i ± iA)(i?^ +1 (A) - Q±(A)) and 
(Rf (A) - g^(A))( J D H < i+ i ±iX) have a smooth kernel in a neighbourhood of A down to the front 
face ff, and so by O-elliptic regularity R^ +1 (A) — Q±(X) is smooth near A down to ff. □ 

Note that the resolvent can be also considered as a convolution kernel on H d+1 with a conormal 
singularity at the center G H d+1 . 

3.5. The parametrix construction of Mazzeo-Melrose. We can construct the resolvent 
R±(X) := (D ± iA)~ x through a pseudo-differential parametrix, following Mazzeo-Melrose [24] 
or Mazzeo [3T|. We will not give the full details since this is a straightforward application of 
the paper [33] and the analysis of the resolvent R 1 ± +1 (A) on the model space H d+1 . This will 
be done in 3 steps. If E, F arc smooth bundles over X, we will say that a family of operator 
A(X) : C°°(X,E) — > C~°° (X , F) depending meromorphically on a parameter A G C is /mife 
meromorphic if the polar part of A(X) at any pole is a finite rank operator. 

Proposition 3.2. Let {X,g) be a spin asymptotically hyperbolic manifold and D be a Dirac 
operator over X. Then the resolvent R±(X) = (D ± iX)^ 1 extends from {3?(A) > 0} to C \ 

(—N/2) as a finite meromorphic family of operators in ^ 2 ' 2 (X;8.). Moreover R±(X) 
maps CJ^iX, ^) to x A+ iC 00 (X, °E) and for all a G C°°(X, °£), we have [x-i- x R±{X)a}\ x=0 e 
C°°((9X, S T ). 

Proof. First, we construct an operator Q±(A) G ^ , ( J" 1 ' 00 ' 00 (X, £) supported near the interior diag- 
onal such that (D±iX)Q°±{X) = ld + Kg(X) with K^(X) G * 00 ' 00 ' 00 (X, £), thus a smooth kernel 
on X x o X and whose support actually does not intersect the right and left boundary. Note that 
this can be done thanks to the ellipticity of D and it can be chosen analytic in A, moreover notice 
also that Q±(X)(D ± iX) — Id G ^ , ^" 00 ' 00 '°°(X; £) by standards arguments of pseudo-differential 
calculus. The error K±(X) is a priori not compact on any weighted space x s L 2 (X,°T,) so this 
parametrix is not sufficient for our purpose. To be compact on such a space, it would be enough 
to have vanishing of the error on the front face ^^.(A)|g = 0. 

Next we need to solve away the term at the front face ff, i.e., K±(X)\g. We can use the normal 
operator of D: the normal operator N y i (D) of D at y' G dX is an operator acting on the space 
X y i := {z G °T y 'X, 4f(z) > 0} obtained by freezing coefficients of D at y' G dX, when considered 
as polynomial in the 0- vector fields xd x ,xd y . Here the spinor bundle over X y > is trivial, i.e., it is 
given by X y i x °T, y i(X) where Y, V /(X) is the fiber of °E at the boundary point y' G dX. The half 
space X y i equipped with the metric g frozen at y' (the metric here is considered as a symmetric 
tensor on the 0-cotangent space °T*X) is isometric to H d+1 and the operator N y i(D) corresponds 
to the Dirac operator on M. d+1 using this isometry. Moreover this half space is also canonically 
identified to the interior of the front face fibre ff p with basis point p = (y',y') G Ag. One has from 
[34] that the composition (D ± iX)G± for G± G *q °°' a ' p (X] £) is in the calculus ^o(X) and the 
restriction at the front face fiber ff p is given by 

((D ± iX)G±)\ Sp = N y i(D ± iX).G±\ Sp 

which is understood as the action of the differential operator N y i (D ± iX) on the conormal distri- 
bution G±\ff p on ffp ~ X y i . Thus to solve away the error term at ff, it suffices to find an operator 
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Q±(X) in the calculus such that 

N yf (D±iX).Q 1 ± (X)\ Sp = -Kl(X)\ Bt 
for all y' G dX. This can be done smoothly in y' by taking Q±(A)| ffp := y ' (X){K%(X)\ Sp ) 

A / 

where i? ± B (A) is the analytically extended resolvent of N y i(D ± iX) ~ (Dgd+i ± iX) on AT,/ x 
°Zy,(X) ~ H d+1 x °E(H rf+1 ), and then defining Q^-(A) to be a distribution onlx l whose 

X i d-\-l 

restriction to each fiber S p is — R± v ' (\)(K±(\)\tf p ). As we studied above, the resolvent i?± (A) 
is analytic in A and it maps C°°(U d+1 , °E) to p A+ 5C 00 (iF+ T , °S) if p is a boundary defining 
function of the compaetification of H d+1 , moreover the leading asymptotic term is of the form 

p A +i-0 T for some 4> T G C 00 (dE d + 1 , °E T ). Thus, the composition i?f »' (A)(if^(A)|ff p ) is a conor- 
mal distribution in the class (pibPrb) A+2 C°°(ffp, End(°E y <)) and it is then possible to find Q±(X) G 
^ 2 ' 2 (X; £) with the correct restriction at ff. Let P± denotes the canonical projection 
P± : °E(dA) -> °E ± (dA). The restriction of a conormal kernel in *q oo,0 ' /3 (A > ; £) at lb can be 
considered as a section C~°°(dX x X; £) conormal to all boundary faces. From the mapping prop- 
erty of B]± +1 (X) just discussed, it is possible to choose Q±(X) such that P±[p lh X 2 Q±(A)]|ib = 0, 
which will be important for the next step. Then we get (D ± i\)(Q°±(\) + Q±{X)) = Id + #±(A) 

where K±(\) G p s %°°' X+i X+i (X ,£,). 

The final terms in the parametrix are those at the left boundary, solved away through the 
indicial equation for z G C 

(3.6) {D±i\)xi +Z {4>+ + V-) 

=i(z ± A)a;^>+ + i(-jB ± A)a;* +z V_ + 0(a;* +2+1 ), W± G C°°(<9A, °E±). 
which is an easy consequence of (|3.3[) . Lifting D as acting on the left variable on the space A x A, 
it satisfies the same type of indicial equation: if G G 00 ' c,+ 2 1,3+2 (A; £) for some a, (3 G C, then 
(Z) ± iX)G G f-°°' a+ 5^5(i ; £) an d the leading term at lb is 

(3.7) [i(a ± A) P r b +f P+[(pr b Q " f G)|ib] + ± *)pl +i P-[(toT*G)\*>] 

where the restriction at lb is considered as a section C~°°(dX x X; £) (conormal to all boundary 

faces). Then since for a = A, the term (|3.7p vanishes if P±(p lb 2 G)|ib = 0, one clearly has 

-K±(A) G p ff * '" fj+Mtj (A, £) thanks to the choice of Q^(A) and now, since a = A+j for j G N 
is not solution of the indicial equation above when A ^ —N/2, it is possible by induction and using 

Borcl Lemma to construct a term Q±(A) G Pff^o ' 2 ' 2 (X, £), holomorphic in C \ (— N/2) 

such that (D ± iX)Q 2 ±(X) = -K\{X) + K\{X) for some operator K%(X) G p s % 00 ' 00 ' X+ ^ (A, £). 

By [55], the error term if±(A) is now compact on p z L 2 for all z G [0, oo) such that 5R(A) + z > 0. 
Fix Ao such that 3?(Ao) > where R±(Xo) is bounded on L 2 (X). Then we use a standard argument: 
we can add a finite rank term Q 3 ± {X) = Q±(A ) G ^-°°.°°.°°(A; £) to Q|(A) in case (Id + A"|(A )) 
has kernel in p z L 2 , so that that Id + A|(A ) is invertiblc if A^(A) := (D ± iA)(£i=o Q±(A)) - Id 
(see the proof of Th. 7.1 in [24] for more details). The operator Q±(X) := 5Z i=0 Q±(A) is bounded 
from p z L 2 to p~ z L 2 if 0?(A) + z > by [53], and so Fredholm theorem proves that R±(X) = 
Q±(A)(Id + K^X))- 1 on the weighted space p z L 2 for z G [0, oo) such that z + 3?(A) > 0. Finally, 
writing (Id + A^A))- 1 = Id+T±(A), we see that T±(A) = -A|(A) + /4(A)(Id + ^(A))- 1 A^(A) 

and the same arguments as [24] show that R±(X) G 2: 2 (A;£). The mapping property 

of i?±(A) acting on (^(A, °E) follows from Mazzeo [23J, and the fact that for all a G C°°(X, °E) 
we have i?±(A)tr = x A+2 i/' T + 0(x A+2+1 ) for some ^ T G C°°(<9A, E T ) is a straightforward 
consequence of the indicial equation (|3.6|) . □ 

Let us now discuss the nature of the spectrum of D. We start by an application of Green 
formula, usually called boundary pairing property (compare to |10[ Prop. 3.2]) 
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Lemma 3.3. Let R(X) = and a 4 = xi- x a^ + x i+ x af for i = 1, 2 and of £ C°°(A, °E), then 
if (D 2 + X 2 )a t = n G C°°{X, °E), one has 



((ai,r 2 ) - (ri,a 2 ))dv g = 2A / (o 1 \ ax ,a 2 \ ax ) - {uj \ ax , aj \ dx )dv ho 

X JdX 

where ( , ) denotes the scalar product with respect to g on X and to ho on dX. 

Proof. The proof of this Lemma is straightforward by using integration by parts in {x > e} and 
letting e -> 0. □ 

As a corollary of the resolvent extension and this Lemma, we obtain the following 

Corollary 3.4. On a spin asymptotically hyperbolic manifold, the extended resolvent R±(X) = 
{D ± iA) _1 is holomorphic on the imaginary line iM., consequently the spectrum of D is R and 
absolutely continuous. 

Proof. In view of the meromorphy of R±(X), it clearly suffices from Stone's formula to prove that 
R±(X) has no pole on the imaginary line. Assume Ao is such a pole with order p, then the most 
singular coefficient of the Laurent expansion is a finite rank operator whose range is made of gen- 
eralized cigenspinors a solving (D±iXo)o = and a € x Xo+ ^ C°°(X, °E). In particular it satisfies 
(D 2 + Aq)ct = and by applying Lemma l3~3"l with a\ = 02 = a we see that (x~ x °~z <t)\ x= q — and 
so a e x Xo+ i +1 C oc (X, °S). Now from the indicial equation (|3T6]l . this implies a £ C°°(X^Y?) if 
Ao 7^ 0. Then Mazzco's unique continuation theorem [22j says that for a class of operator including 
D 2 , there is no cigenfunction vanishing to infinite order at the boundary except a = 0, we deduce 
that (7 = and thus by induction this shows that the polar part of Laurent expansion of R(X) at 
Ao is 0. Now there remains the case Ao = 0. First from self-adjointness of D, we easily get 

(3.8) A|HU a <||(i?±<A)tr|| ia 

for all A > and a in the L 2 -Sobolev space H 1 (X, °E) of order 1, and this implies that R±(X) 
has a pole of order at most 1 at A = 0, i.e. one has R±(X) = A±X~ 1 + B±(X) for some B±(X) 
holomorphic (these can be considered as operators from C°°(X, °E) to its dual). By (|3.8p . we also 
see by taking A — » that ||A±c7||i2 < ||c||£2 for all a € C°°(X, °E) and so A± is bounded on L 2 
and also in ker(D) by the functional equation (D±iX)R±(X) = Id. Now in view of the structure of 
the kernel of R±(X), it is not hard to check (e.g. see [12] ) that the elements in the range of A± are 
harmonic spinors of the form a € x? C°° (X which can only be L 2 if the leading asymptotic 
(ar*tr)| x =o = 0, i.e. if a £ .t2+ 1 C°°(A > , °E). Using again the indicial equation, (|3.6[) , we deduce 
that a <E C°°(X,°T,) and thus a = by Mazzeo's unique continuation theorem, so A± =0. □ 

Another corollary of Proposition 13 . 21 is 

Corollary 3.5. The resolvent R(X) := (D 2 + A 2 ) -1 extends meromorphically to X € C\ (—N/2) 
with poles of finite multiplicity, except at X = where it has a simple infinite rank pole with 

residue (2i) _1 (i?_(0) — i?+(0)). Moreover R(X) is an operator in ^ ' 2 ' 2 (A, £) and for any 
a G C*°°(A, E), one has R(X)a G x* +x C°°(X, °E). 

Proof. : The extension and the structure of R(X) arc a consequence of Proposition 13.21 since 
R(X) = (2iX)~ 1 (R-(X) — R + (X)). As for the mapping property, this is a consequence of mapping 
properties of operators in ^q'*'*(X) in [23] . The question of the simple pole at A = is also 
clear since R±(X) are holomorphic at A = 0. It remains to show that the residue IIo is infinite 
rank. One way to prove it is to consider the asymptotic of Ho<f> if 4> G Cq°(-X'; °E). First, both 
R-(0) and R+{0) have infinite rank since DR±(0) = Id on Co°(A; E), but moreover if (p is 
smooth compactly supported, R±(0)(j) has an asymptotic of the form X itp± at the boundary 
where ip± G C°°(dX; °E T ) according to Proposition O If ip± = 0, then R±(0)(j> = 0{xi +1 ), and 
by the indicial equation (|3 . 6[) it must vanish to infinite order at dX, which by Mazzeo's unique 
continuation theorem implies that R±(0)<f> = 0, a contradiction. This then shows that the range of 
i?+(0) on C X3 (A;°E) does not intersect the range of i?_(0) acting on the same space, concluding 
the proof. □ 
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Remark. By self-adjointness of D 2 , one deduces easily that R(X)* = R(X), or in terms of kernels 

i?(A;m, m )* = R(X;m , m) Vm,tn ?I, m=/=m', 

here A* G £ TO < Kl S m means the adjoint of A G S m E m / if we identify the dual S* n with E m via 
the Hermitian product induced by the metric g. 

3.6. Another parametrix construction when the curvature is constant near oo. When 
(X, g) is asymptotically hyperbolic with constant curvature outside a compact set (which is the 
case of a convex co-compact quotient Xr = r\H d+1 ), one may use a simplified construction similar 
to that of Guillope-Zworski [16] for the Laplacian on functions. 

Indeed, there exists a covering of a neighbourhood of dX by open sets (Uj) with isometrics 

where £ := {(z , y ) G (0, oo) x R^o + |y | 2 < 1} and g Md+1 = - ^ Wl . 

We denote by S := {(x , y ) G [0, oo) x M d , x§ + |y | 2 < 1} a half-ball in H d+1 and 95 := Bn{i = 
0}. We shall also use the notation ij for the restriction ij\u nax- 

Note that the function xq in B is not pulled-back to a boundary defining function putting the 
metric g under the form g = (dx 2 + h x )/x 2 , but we have (x/ tjXo)\dx = ^Vj f° r some functions 
rjj G C°°(dB). Through tj, the spinor bundle on M d+1 pulls-back to the spinor bundle °T,(X)\u j 
but the splitting induced by cl(xod Xo ) does not correspond to the splitting °E + © except at 
the boundary xo = 0, since the eigenspaces of cl(t* (xod X() )) are the eigenspaces of c\(xd x ) when 
restricted to the boundary. 

The Dirac operator D M d+i pulls back to D in consequently one may choose a partition of 
unity l*x] near dX associated to (Uj)j, that is J2j L jXj = X where x & C°°{X) is equal to 1 near 
dX. Take now Xj € Co°(^) some functions which are equal to 1 on the support of x]- Let us 
define </>j on <9£? by Xj( ,S/o) = <t>){Va) so that £\ = 1 on and 2 0] = 0j. 

The first parametrix we can use for (Z? 2 + A 2 ) is 

(3.9) i? (A) = V i*x 2 ,Rn^ Wx)h* + Qo(A) 



i 

where Qo(A) G 2 ' 00 ' 00 (X; £) is holomorphic, compactly supported and solves (D 2 + \ 2 )Qq(\) = 
1 — x + K (X) for some K (X) G Cq°(X x X: £). Here i* denotes the pull back on sections of the 
spinor bundle and ij^ := (lJ 1 )* . Wc obtain 

(D 2 + X 2 )R (X) = Id + ^*[£ 2 d+1 ,x|]iW(A)x^* + *o(A). 

j 

The last term -Ko(A) is clearly compact on all weighted spaces x N L 2 (X, °£) while the first one is 
not. Since on H d+1 one has 

"1 



-1 



-icl(x d Xo ), 



D^ d+ i = x£ (-{x d Xo ) 2 Id + xlD Rd + ix AD Rd ) x 2 , A := 

in the splitting induced by c\(xod Xo ). The operator [D^ d+1 , Xj] can be written as follows, 
[-D 2 d+1 ,x 2 ] =dx d Xo x 2 j (x ,y Q ))ld 

- x l ( d x Xj (xo , yo))ld + xl [D Rd ,x 2 j(xo,yo)}+ix [AD Rd , x) {xo , yo )] • 
Using the fact that (Vx 2 )xj = an d the expression of Rgd+i(X), we deduce that 

[^ +1 ,X 2 ]^ +1 (A)x] G 4 + * +1 4 A+! C°°(B x S,£) 

where (xo,yo,x' ^y' ) are the natural coordinates on B x B. This error term can be solved away 
using the indicial equation explained above for the general AH case and one can thus construct, 
for all N G N, an operator R N (X) G x x+ ^ +1 x fX C°°(X x X, £) such that 

CD 2 + A 2 )(i? (A) + R N (X)) = Id + A'at(A), ifjv(A) G x x+ i +N x' X+i C°° {X x X, £) 
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and K N (X) is compact on x N ' L 2 (X, °E) if < N' < N and 5R(A) > -AT + AT' and 9?(A) > -AT'. 
All these terms are holomorphic in A except possibly at —N/2 where first order poles come from 
the indicial equation and at A = where i?gd+i(A) has an infinite rank pole. As above for 
the general case, we can take an asymptotic series using Borcl Lemma, which gives an operator 
Roo(X) G x x+ i +1 x' X+ %C°°(X x X;£), holomorphic in A g -N /2 so that (D 2 + A 2 )(i? (A) + 

fioo(A)) = Id + A"oc(A) for some AT 00 (A) G x 00 x' A+ ^C 00 (X x X). And again , as in the proof of 
Proposition 13.2) up to the addition of a residual finite rank term for i?oo(A), we can assume that 
there is A with 5J(A ) > such that Id + A' oo (A ) is invcrtible on x N L 2 (X) for all X > 0. The 
extended resolvent of D 2 + A 2 is thus given by 

R(X) = (i? (A) + i?oo(A))(Id + X^A))" 1 , 

it is finite meromorphic in C\(— No/2). Moreover standard arguments show that (Id+AT 00 (A)) _1 = 

Id + 5oo(A) for some S^X) G x°°x' X+ $ C°°(X x X, £) and so 

R(X) - i? (A)(Id + 5oo(A)) G a; A+ 5+ 1 a;' A+ 'C 00 (X x X, £). 

Using the composition results of Mazzeo [H Th. 3.15], we get R (X)S oo (X) G (xx') x+ iC°°(X x 
X; £) so 

(3.10) R(X) - i? (A) G x x+ ix' X+i C°°(X x X, £). 
Similarly, using the remark following Corollary 13. 51 we deduce that the kernel 

(3.11) (m,m') -> R(X;m,m') - R (X;m' ,m)* G a; A+ ix /A+ ^C 0O (X x X, £) 
and i?o(A; m', m)* is given, by symmetry of R^d+i(X), by 

(3.12) Ro(X;m',m)* = ^(ijXjRm+^WXjh *)( m , m> ) + Qo(A)*. 

The expressions (|3 . 10[) . p. lip and (|3. 1 2[) will be very useful in what follows for obtaining an 
explicit formula of the scattering operator modulo a smoothing term. 

4. Scattering and Eisenstein series 

4.1. Definitions and properties. Similarly to the Laplacian on functions, we can define Eisen- 
stein series and scattering operator for Dirac operator. The Eisenstein series E(X) is an operator 
mapping C°°(9X,° S) C°°(X, °E) and for all ip, E(X)ip is a non A 2 -solution of (D 2 + X 2 )a = 0; 
more precisely it is defined using the following 

Lemma 4.1. Let ip G C°°(9X, E), and X G C \ (-N/2) not a pole of R(X), then there exists 
(7 G C°°(X, °E) solution of (D 2 + X 2 )a = 0, unique when 3?(A) > 0, and such that there exist a ± E 
C°°(X, E) with <t~\qx = ip an d °~ = xi~ x o~ + xi +x a + . Moreover cr* depend meromorphically 
on AG C\ (-N/2). 

Proof. This is essentially the same construction as for the Laplacian on functions in [TO] : us- 
ing the indicial equation Q3.6P and Borel lemma, it is possible to construct a spinor (Too G 
x- x +iC°°(X, Z), holomorphic in C\(Z/2) such that {D 2 + X 2 )a OQ = 0(x°°) and (x^ia^lgx = 
if). Note that this spinor is meromorphic in A G C with only simple poles at N/2 coming from the 
roots of the indicial equation. Then we can set 

a -.= 0-00 -R(X){D 2 +A 2 )doo. 

If A is not a pole of R(X), this solves the problem and defines by using the mapping property 
of R(X) stated in Corollary [33] The meromorphy of is also a consequence of the construction 
and of the meromorphy of R(X). The uniqueness of the solution is due to the fact that for two 
solutions (71,(72 of the problem, the indicial equation implies that a\ — (72 G x x+ ? C°°(X, °E), 
and then for 9?(A) > this would be L 2 and A would be a pole of the resolvent in the physical 
plane. For 5R(A) = 0, this can be proved using an application of Green formula like in [ID] : if 
<7i, <72 are two solutions of the problem, then the difference <7i — (72 is in x% +x C°°(X , °E) by the 
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indicial equation and it is also in the kernel of D 2 + A 2 , so we may apply the Lemma 13.31 with 
<j\ = <7i — 02 and (72 := R(— X)ip where tp £ C°°(X, S) is chosen arbitrarily. This clearly implies 
that f x (&i — c?2) y)dv g = and thus a\ = □ 

Remark. By uniqueness of the solution, a and o^\q X depend linearly on xjj. 

Definition 4.2. The Eisenstein series is the operator E(X) : C°°(dX, j:) -> C°°(X, T,) defined 
by E(X)ip := a where a is the smooth spinor in Lemma |4~T1 



Definition 4.3. The scattering operator 5(A) : C°°(<9X, I]) -► C^idX^Y.) is defined by 
5(A)"0 := o~ + \g X where <r + is the smooth spinor in Lemma 14. II 



It is rather easy to prove that the scattering operator is off-diagonal with respect to the splitting 
°Y(dX) = °Y, + (dX)(B Y,_ (dX). To that end, we give an alternative construction of the Eisenstein 
series E(X)ip when ip £ °E + or ip £ Let us first define a useful meromorphic function on C 



(4.1) C(X) 



,-2A r (|-A) 



r(i + A)' 

which satisfies C(X)C(— A) = 1. 

Lemma 4.4. Let t\> £ C°°(dX,° £±), and A G C\ (—N/2) be not a pole of R±(X) , then there exists 
a unique a £ C°°{X, Y) solution of (D ± iX)a = and such that there exists cr ± £ C°°(X,°E) 
wii/i o-~\g X = ip and a — xi~ x a~ + xi +x a + . Moreover one has cr + \g X £ C°°(dX, S^) and 
g ± are meromorphic in X £ C \ (— N/2). If in addition the metric g is even, then cr ± /C(A) are 
holomorphic in {5R(A) > 0} where C(A) is the function in (|4.1[) . 

Ptoo/. Recall the indicial equation for (D ± iX): let ) g N and -0± G C°°(<9X, °£ ± ) then there 
exist some smooth spinor F\j near dX such that 

(4.2) x x -i (D ± a).T- A+ 5+J(^ + + ^_) = i^'((j — A ± X)ip + + (A - j ± A)V>-) + .r" ; / A . ,. 

Using this indicial equation inductively, we can construct for all -0 £ C°°(dX, °£±) a formal Taylor 
series, and thus a true spinor (Joo,± € x~ x ~i C°°(X, °E) by Borel lemma, such that (D±iX)a 00: ± = 
0{x°°) and (x x -2 ao0t± )\ dx = ip. This can be done holomorphically in A as long as A is not a 
root of the indicial equation (|4.2j) . The A so that the indicial numbers j ~ X ± A and A — j ± A 
in (|4.2[) vanish are at N/2 and they vanish only on the E T part of the bundle, therefore since 
C(A) has first order poles at 1/2 + No, we see that cr ocl /C{X) can be chosen holomorphically in 
A £ C \ N and that it has at most poles of order 1 at each A = k with k £ N; since it does not 
involve new arguments we refer the reader who needs more details to the paper of Graham-Zworski 
[TO] where it was studied in the case of the Laplacian on functions. Now consider the case of a 
metric g even. Since A+,A- defined in (|3.4[) are preserved by x~^Dx^ if g is even, then clearly 
x x ~?(D ± iX)x~ x+ ? = X(—c\(xd x ) ± i) + x~?Dxz also preserves both A+,A-. In particular, 
if ijj- = in (|4.2p . then x 2 ^ +1 F\^j £ A + and x 2j+2 F\^j+i £ A-, while the converse is true if 
ij>+ = 0. This implies that the spinor (Too,± can be taken so that x x ~^ o"oo,± £ A± and the A which 
are actually solution of the indicial equation (|4.2[) for D ± iX are only at 1/2 + No- The spinor 
Coo/C(A) can be taken holomorphic also at A £ N. It remains to set 

(4.3) a:=o- 00 ,±-R±(X)(D±iX)o- 00t ± 

which solves our problem, using the mapping property of R±(X) stated in Proposition 13.21 □ 

By uniqueness, the solution in Lemma 14.41 is clearly the same than the one of Lemma |4 . 1 1 when 
the initial data ip is either in o~ + \g X or o~-\g X , which implies 

Corollary 4.5. The scattering operator 5(A) maps C°°(<9X, °£ ± ) to C°°{dX,Y^). 
Let us define the natural projection and inclusion 

P ± : C*°°(aX; E) -> C°°(5X; E ± ); I± : C°°(dX; °E±) -> C°°(dX;°Y) 
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and also the maps corresponding to the two off-diagonal components of 5(A) 

5±(A) := P T S{\)I± : C°°(<9X; £ ± ) -» C°°(dX; 

E±(\) :=E(X)I ± P± : C°°(<9X; £) C°°(X; J:). 

4.2. Some relations between resolvent, scattering operator and Eisenstein series. Like 
for the Laplacian on functions, the Schwartz kernels of R(X), E(X) and 5(A) are related by the 
following 

Proposition 4.6. Let A G C be such that A ^ —N/2 and A not a pole of R(X), then the Schwartz 
kernel E(X;z,y') and E±(X; z,y') in C~°°(X x dX;£.) of respectively E(X) and E±(X) can be 
expressed by 

E(X;z,y') = 2A[:r'^ A i?(A; z, x', y')]U'=o, 

(4.4) _ d _ 

E ± (X;z,y') = [x' > X R±(X; z, x', j/)]\ x >= cl^) 

where we use the product decomposition (x', y') £ [0, e) x dX near the boundary in the right variable 
of X x X. If in addition 3?(A) < — |, the Schwartz kernel S(X;y,y') of 5(A) is in C°(dX x dX; £) 
and can be expressed by 

(4.5) 5(A;y,y') = [^"^(A; x, j/, y')]*=o, S ± (X;y,y') = [x-i-*E ± (X; Xl y,y')}\ x=0 . 

Proof. Let z £ X and as in Lemma |4~T1 then E(X)ij) — — R(X)(D 2 + X 2 )a oc . The first 
statement of the Lemma is simply obtained by integration by part in (x',j/) of 

(R(X; z, x', y'), (D 2 + X 2 )^', y'))dv g (x', y') 

and letting e — > 0, this gives the term 1700(2) plus a term 

[x'~ d ((i?(A; z, x', y'), V a / 8 .,o-o (aJ / , y')) - (V^s 4 i?(A; z, x', y V°°0'i y')>V 
'ax v 7 ' 

But from the analysis of the resolvent R(X), we have for z £ X and as x' — > 

J?(A; z, x', y') = x' l+A (L(A; z, y') + O(x')), 

Vx, 8 ., J2(A; z, x', y') = d + X)x' i+X (L(X; z, y') + 0{x')) 
2 

( r 00 (x',y')=^ i " A W)+C > (a; / )) ! V x , a ., £ r 00 (x' J y') = (| - A)x' ^^(y') + O(x')) 

for some L G C°° (A" x £) and where ip £ C°° (dX, E) is arbitrarily chosen. We can then deduce 
that E(X;z,y') = 2XL(X; z,y') as distributions in C°°(X x dX; £). Using the structure of i?(A) 
in Proposition 13. 21 we observe that the kernel of E(X) is also a distribution in C~°°(X x dX; £) 
since its lift toAxo dX is a conormal distribution onlxj dX, more precisely it is an element in 

P\b 2 Pfi 2 C°°{X Xo dX; £). This is exactly the same argument for the E±(X) formula in (|4.4p 
by using the representation (|4.3| and integration by part. 

Now for the scattering operator, we take 9?(A) < — f and use the definition of S(X)ip to deduce 
that 

5(A)V> = (x- A -^(A)V0L=o. 
From the fact that the lift of the kernel X - X ~?E(X) toXx dX is in p- 2X - d C°° (X x dX; End(°S)), 
thus in C°(X x dX), we see that 

x- x -iE{X-x,y,y')^{y')&v h0 {y') 

ox 

is C (X,°E) and its restriction to dX is given by the pairing of [x~ A_ 3 E(X)\ \ x= q with ip, which 
ends the proof for 5(A). The argument is the same for 5±(A). □ 



^ =0 dv fco . 
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In the same way as E(X), we define the operator E$(\),E±(X) so that the Schwartz kernel of 
E*(X), El(X) arc given for A G C \ (-N/2) not a pole of R(X) by 
(4.6) 

E\\;y,m') := 2X[ X - x -iR{X- x, y, m')]\ x=0 , s|(A;y,m') := -c\(v)[x~ x -l R ± (X; x, y, m')]U=o 

using the product decomposition [0, e) x x dX near dX. Like for the analysis of the kernel of E(X) 
above, the structure of the kernel E$(X) on the blow-up dX Xo X is clear from the analysis of 
R(X). Note also that £?|(A) maps C°°{X, ^) to C°°(dX;°j: ± ) by using Corollary [33] and 



(Ei(X)f)(y) = -cl(v) lim / :t- A ~i? ± (A; i, y, m')a(m')dv g (m'). 



ix 

We see also from the remark following Corollary 13.51 that 

(4.7) Et(X;y,m') = E(X;m',yy, s|(A;j/,m') = E^(X;m',y)*. 
when these are considered as linear maps from °S m / to 

Lemma 4.7. Let m,m! G X, then for X ^ Z/2 neither a pole of R(X) nor of R(—X), we have 

R(X;m,m') - R(-X;m,m') = (2A)" 1 f E{X;m,y)E^-X;y,m')dv ho (y), 

(4.8) Jbx 

R ± (X;m,m') - R T (-X;m,rri) = - \ E±(X; to, y)cl(i/)EU-X; y, m')dv ho (y) 

JdX 

or in terms of operators 

R(X) - R(-X) = (2X)- 1 E{X)E i (-X), R±(X) - R T {-X) = -£ ± (A)cl(i/).E|(-A). 

Proof. This is a straightforward application of Green formula and does not involve anything 
more than in the proof given by Guillope [15] for the Laplacian on functions on a surface. It 
is based on the fact that (D 2 + A 2 )i?(A; to, to') = (D 2 + A 2 )i?(— A; m, to') = 5{m — to') and 
(D ± iX)R±(X; to, to') — (D ± iX)R^(— A; to, to') = 5(m — m'), where 5(m — to') denotes the Dirac 
mass on the diagonal. □ 

A corollary of this is some functional equations relating E(X), E$(X) and 5(A). 

Corollary 4.8. The following meromorphic identities hold 

E{X) = E(-X)S(X), £»(A) = S{X)EH-X), 

E T (X) = E ± (-X)S T (X), El(X) = 5±(A)4(-A). 

Proof. Let us consider the second identity: assume 5ft(A) < — |, it suffices to multiply the first 

line of (|4.8p by x{m)~ x ~i and take the limit as x(m) — > when to' € X is fixed, the limit makes 
sense in view of our analysis of the Schwartz kernels of R(X), E(X), E$(X) and 5(A). Then we use 
Proposition 14.61 and the definition of E^(X) and this gives the proof of the second identity of the 
Corollary, at least for 5R(A) < — f , but this extends meromorphically to A G C. The proofs of other 
identities are similar. □ 

4.3. Properties of S(X). 

Proposition 4.9. For X such that 5R(A) < 0, A </ —N/2 and X not a pole of R(X), the operator 
S(X) is a classical pseudo- differential operator on dX of order 2X, with principal symbol 

(4.9) *pr(S(A))(0 = C(A)cl(^)|^|^- 1 cl(0, with C(X) := ■ 

Moreover S(X) can be meromorphically extended to C\ (— N/2) as a family of pseudo- differential 
operators in $> 2X (dX; £) . 
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Proof. Let P : X x X ^ X x X be the blow-down map, dX x 8X := [dX, dX, Ag] be the blow- 
up of dX x dX around the diagonal Ag and f3g : dX XgdX the associated blow-down map. Then 
the expression (|4. 5[) can also be written for 9?(A) < (5(A) and R(X) denote also the Schwartz 
kernel) 

(4.10) 5(A) = 2A/3 a ,(/3*((xx')- A -^(A))| lbn rb) 

where lb n rb is naturally identified with dX Xq dX. For more details, we refer to the article 
of Joshi-Sa Barrcto [18] which deals with the Laplacian on functions. Now using the fact that 

i?(A) g *o 2 ' A+ ^' A+ ^(X,£), we deduce that 

(( ra ')- A ^i?(A))| lb nrb G p ff f- d C°°(dX x„ dX, £) 

where pg t g := pfflibnrb is a boundary defining function of the boundary (i.e. the face obtained by 
blowing-up) of dX Xq dX. This shows that the kernel 5(A) is classically (or polyhomogeneous) 
conormal to the diagonal and the leading singularity at y = y' = p given in polar coordinates in 
the conormal bundle is given by 

5(A; y, y') ~ c(X)\y - yV^Mp'), p' = t^t G S^ 1 

\y-y\ 

for some c(A) G C and where U p (p') G End(°S p (X)) denote the limit of the parallel transport 
U(e p , m) in the fiber ff p when m — ► p' G lbiHrbnffp ~ 5 d ~ 1 (here e p is the center of S p defined by the 
intersection of the interior diagonal with ff p and identified with the center of hyperbolic space). 
Thus we obtain 5(A) G ^f 2X (dX , £), moreover the expression (|4. 10|) can be meromorphically 
extended to C\ (—N/2) as a distribution classically conormal to the diagonal, thus as a family 
5(A) G fy 2X (dX; £). As for the principal symbol, we use the expression of U p (p') for H rf+1 given 
in Corollary IA.4I and Fourier transform to obtain (|4.9J) . Notice that there might be first order 
poles of infinite multiplicity at N/2 coming from the meromorphic extension of the distribution 
\y — y'\ 2X+: > to A G C. This phenomenon is described in [TU] for the case of A on functions. □ 

Like for functions, the scattering operator is a unitary operator on the continuous spectrum 
and satisfies a functional equation 

Lemma 4.10. The operator 5(A) is unitary on {3?(A) = 0}, it satisfies 5(A)5(— A) = Id for A 
such that 5(±A) is defined, and it is conformally covariant in the sense that for another choice 
x = e w x of geodesic boundary defining function, the corresponding scattering operator is 5(A) = 
e-( A +3) u "> S{\)e^i~ X)u ° , where ui = uj\ 9 x- 

Proof. The functional equation is a straightforward consequence of the uniqueness in Lemma |4. II 
or the first equality of Corollary 14.81 The unitarity follows easily from Lemma 13.31 by taking the 
solutions o"i, (72 of Lemma 14. II for two initial data ipi, tp2 G C°°(dX, °E). The conformal covariance 
of 5(A) is straightforward by using the uniqueness of the solution in Lemma l4.ll □ 

Corollary 4.11. If the metric g is even in the sense of p.2|) . the operator 5(A) := 5(A)/C(A) is 
finite meromorphic in C, and it is holomorphic in {3?(A) > 0}. 

Proof. The analyticity in the right half-plane is a consequence of the last statement in Lemma 
14.41 and the fact that 5(A)V> = & + \dx with the notation of this Lemma. We already know the 
meromorphic extension outside —N/2 so we can write, using Proposition 14.91 

S{\)/C(\) = c\{v)(D ha + i){\D ho \ + l) 2X - 1 {l& + K(\)) 

for some K(\) compact on L 2 (dX ,°E) and analytic in {3?(A) > 0}. We know from Lemma [4.101 
that Id + K(\) is invertible for almost all A G C, so we may use Fredholm analytic theorem to 
show that (5(A)/C(A)) _1 is a meromorphic family of operators with poles of finite multiplicity 
at most in 5R(A) > 0, so by the functional equation in Lemma l4.10| we deduce that 5(A)/C(A) is 
meromorphic in 5R(A) < with poles of finite multiplicity. □ 

We give another corollary of the properties of 5(A). 
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Corollary 4.12. For an AH manifold with a metric g even in the sense of (|3.2[) . the resolvent 
R±(X) is finite meromorphic. 

Proof. According to Proposition 13.21 the only problem for the meromorphy of R± (A) can be at 
-N/2, so consider the half plane {9?(A) < 0}. Since R(— A), E{— A), E$(— A) are holomorphic in 
{3?(A) < 0}, the result is a straightforward consequence of Corollarv l4. 1 II together with the formula 

R(X) = R(-X) + (2\)- 1 C(X)E(-\)^- ) EH-X), 

itself a consequence of Lemma 14.81 and Corollary 14.81 □ 

4.4. Representation of E(X) and S(X) in the case Xp- Using Proposition 14.61 and (|3.10p , 

we obtain directly an explicit representation modulo a smoothing term. We use the functions 
r/j Xj °f Section [JOB We denote S m d+i (A) and E M d+i (A) the scattering operator and Eisenstein 
series on H d+1 , defined using a defining function of dM d+1 which is equal to Xq on the half ball B 
in the model H d+1 = {(xo,yo) G (0, oo) x R d_1 }, i.e. in terms of distribution kernel on B x dB 
and on dX x dB 

— A — - 

£^<i + i(A;a;o,yo,J/o) : = 2a K 2 ^h^ 1 {X; x , y , x , y' )] x > o=0 , 

— A— - 

SB.d+i(X;yo,y ) ■= [x 2 E M d + i(X;x ,yo,y' )}\xo=o- 

Lemma 4.13. If X G C \ (—No/2) is not a pole of R(X), then the Eisenstein series E(X) for D 2 
on a convex co-compact quotient X := T\M d+1 has the kernel E(X) = Eo(X) + E ao (X) where 

E (X) := J^^E^iX^nJ^Lj^ 

3 

Eoo(X) = 2X[x'- X - i {R{X) - Ro(X))]\ x ,= G x x +$C°°{X x dX; £). 
Similarly, the scattering operator S(X) for D 2 on X has the kernel S(X) = So (A) + ^^(A) where 

Sa(X) := ^i*77 i " A_5 ^S" H d + i(A)0}?7 J A *L 3r , 
j 

^^(A) - 2A[(^')- A -*(i?(A) - R Q (X))]\,=x'=o G C°°(dX x OX; £). 

5. Selberg zeta function of odd type and Eta invariant 

In this section, we will assume that the dimension d + 1 = 2n + 1 is odd except in Lemma 15.21 

5.1. Odd heat kernel of Dirac operator on H d+1 . By the identification (|2.4[) . the kernel of the 
odd heat operator D H i+ie" tD ^+i on L 2 (H d+1 , E(H d+1 )) can be considered as a r^-radial function 
Pt over G. Hence there exists a function P t from G to End(V^- (J ) satisfying the if-equivariance 
condition 

(5.1) Pt(kigk 2 )=T d (k 2 )- 1 Pt(g)T d (k 1 )- 1 for geG,k 1 ,k 2 GK 
such that 

(5.2) D nd+ ie- tD ^ d + 1 (gK, hK) = PtQi^g) for g, h G 67. 

Let us remark that P t (h~ 1 g) and Pt(ki 1 h~ 1 gk2) for k\, k 2 G K give the same map by the condition 
(15.11) , so that the right hand side of (|5.2[) does not depend on the choice of the representatives of 
the if-cosets. 

Recalling the Cartan decomposition G = KA + K with A + := {a r = exp(riJ) \ r > 0}, any 
element g G G can be written as g = ha r k where a r = exp(rH) and r is the same as the 
hyperbolic distance d^d+i (eK, gK) between two points eK and gK in M d+1 = G/K. Now let us 
recall that the spin representation decomposes into two half spin representations er+,(7_ when 
restricting to M = Spin(d), 

Td\M = <J+ ® <T-, 
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hence the representation space V Td also decomposes into V a + V a - as M-representation spaces. 
By Schur's lemma there exists a function pf 1 : R — > C such that 

Pt{a r )\ Va± =vt(r)ld v „ ± 

where a r 6 A + . As in the proof of Theorem 8.5 of [5J using Theorem 8.3 of [B], one can easily 
derive 

Proposition 5.1. The scalar components of D^d+ie n d+1 are given by 

Let us observe that the equalities (|5.1[) and (|5.3[) determine the odd heat kernel D a d+ie~ tD ^ d+1 
by the Cartan decomposition G = KA + K. 

5.2. Odd heat kernels over convex co-compact hyperbolic manifolds. By a usual con- 
struction, the kernel of the odd heat operator De~ tD over Xr is given (as an automorphic kernel) 
by 

(5.4) De- tD \g,h) = ]T A^ie"" 3 ^ ( ff , 7 /i) 

where g, h denote points in X? = r\H d+1 which we view as a fundamental domain in H d+1 with 
identified sides through T. By (|5.1[) . (|5.3|) and some elementary calculations, 

(5.5) \\D Bd+ie - tD B^(g, 7 ft)|| < Ci"i e"^^^- 131 ^ ^ r 7 ( 5 , /i)^" fc . 

0<j<n+l 
0<fe<n 

Here C is a positive constant independent on t, r 7 (g, h) where r 1 {g 1 h) := d^d+i (g, jh). 

Lemma 5.2. Let 5" be a fundamental domain ofT and x be a boundary defining function of Xr 
which we view as well as a function on J. There are positive constants Ci, 62,63 such that for 
all 7 £ r with r.y := d^d+i (e, je) > C3 and all g,h 6 J 

d e~ r -<x(g)x{h) < e - r -< {9jl) < C 2 e~ r -'x(g)x(h). 

Proof. By conjugating by an isometry of H d+1 , we can assume that in the half space model 
M d+1 = R+ x ~Ry the points (0, 0) and 00 arc in the limit set A(r) of the group T. Then, since the 
group is convex co-compact, a fundamental domain J satisfies the following: there exists C > 
and e > such that 

J C B := {z e [0, 00) x R d ; \z\ < C, d cucl (z; A(T)) > e} 

where d ouc i denotes the Euclidean distance in R d+1 . Let 7 e T an isometry which fixes points 
p 7 ,.p 7 € Ry H B. Composing a translation z — > z — (pi, + p 7 )/2 with a rotation in the R^ variable, 
we define an isometry g 7 which maps p 7 to p 1 :— (0, |p 7 — P 7 |/2, . . . , 0) and p 7 to — p 1 . Notice 
that 

q y {3) C B' := {z £ [0, 00) x R d ; |z| < 2C, d eU ci(z; ±p 7 ) > e}. 
Now we can define the isometry s 7 obtained by composing the dilation z — > |p 7 | _1 z with the map 

, l + z 

(^0,2/2, •••,yd) -> ( r,2/2, •••,2/dJ 

Z - 1 

where zo = (yi + ix) £ C denotes complex coordinates for R+ x R yi . This isometry s 7 maps p 7 
to 00 and — p 7 to 0. Moreover, it is easy to see that for z <G B' we have 

e . .. 4C 
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Wc conclude that i 7 := s 1 o q 7 maps J to {z £ M + x M. d , e < \z\ < £ -1 } for some e > which do 
not depend on 7. But t 7 o 7 o t" 1 is an isometry fixing the line {y = 0} and thus can be written 
under the form 

ty o 7 o q 1 : (x, y) -► e r ^ {x, 7 (y)) 
for some 7 (y) £ SO(<i). Moreover, possibly by composing i 7 with an inversion, we can assume 
than r 7 > and it is clearly given by d-^d+i (e, je). Then wc have for m = (x,y),m' = (x',y') in 
the half-space model 

cosh 2 (d H£i+ i(m, m')/2) = + ^ + ^ 



and by writing t y g = (x,y) and t 7 h — (2/, ?/) in the half-space model, 



-^-0 7 (y')| 2 



(5.6) cosh 2 (r 7 ( 5 ,/ l )/2) = e r 

But since t y g,tyh £ t 7 (3 r ), one has e < (x 2 + \y\ 2 )^ < e _1 and the same for (x',y'), which 
from (|5.6|) implies that cosh 2 (r 7 (<7, h) /2)e~ r ~< xx' £ [e 2 ,e -2 ] for r 7 large enough (depending only 
e). It remains to use the that t 7 is an isometry of M. d+1 and so there exists C > 1 such that 
(x o t-y)/x £ [C" 1 , C] on 5", which ends the proof. □ 

By (jl.2p . (|5.5p and Lemma I5T21 we get that the right hand side of (|5.4[) converges uniformly in 
g, h in a fundamental domain. We denote by Tr^ the local trace over °£ m (JTr) = V Td for to in a 
fundamental domain of T. 



Proposition 5.3. Form in a fundamental domain ofT, we have 

(5.7) Trx(De- tD2 )(m) = ^ Tr s (D Md+1 e- tD ?^ )(m, 7 m). 

7 er\{ e } 

Proof. It is enough to show that Trs(Z? H d+ie _t " D H £! + 1 )(m, m) = 0, which is a consequence of 

Tr s (lWe-"^+i)(m,m) = Tr E (P t )(e) = d(a ± )(p+(0) +%(0)) = 
where d(cr±) denotes the dimension of V^ ± and the last equality follows from (|5.3p . □ 
By equations (|5.5p . (|5.6[) and Proposition 15.31 we deduce that there is e > such that 

\Trv(De- tD2 )(m)\ < C e (t) x(m) 2 ^ +e ) ^ e -(#+eK 

7 er\{ e } 

where C e (t) is a constant depending only on e,t and x a boundary defining function. Hence the 
local trace function Tr^(De~ tD )(m,m) is integrable over Xr- Now we can define 

(5.8) TY(De- tD ' 2 ) := [ Trx(De- tD ' 2 )(m) dv(m) 



where dv(m) denotes the metric over Xr induced from the hyperbolic metric dv H d+i. 

By our assumption on I\ T \ {e} consists of hyperbolic elements and decomposes into T- 
conjugacy classes of hyperbolic elements. We denote by r hyp the set of T-conjugacy classes of 
hyperbolic elements. Each element [7] in the set r hyp corresponds to a closed geodesic C 7 in Xr- 

We denote by l(C 7 ) the length of C 7 and by j("f) the positive integer such that 7 = 7q < ' 7 ' with a 
primitive 70 . A primitive hyperbolic element 7 means that it can not be given by a power of any 
other elements in T, so that T-conjugacy class of a primitive 7 corresponds to a prime geodesic 
C 7 in Xr- The trace of the monodromy in £(Xr) = T\(G x Td V Td ) along a closed geodesic C 7 is 
given by x<r + ( m 7 ) + X<?- ( m 7 ) since any hyperbolic clement 7 can be conjugated to to 7 <2 7 £ MA + . 
A closed geodesic C 7 corresponds to a fixed point of the geodesic flow on the unit sphere bundle 
over Xr- The Poincare map P(C 7 ) is the differential of the geodesic flow at C~, which is given by 
P(C 7 ) = Ad(m 7 o 7 ) if 7 = m 7 a 7 . The unit sphere bundle SXr of Xr is given by T\G/M, and its 
tangent bundle TSXr is given by 

TSX r = T\Gx M (n©o©n) 
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where n = 6(n) and M acts on n © a © n by the adjoint action Ad. Hence -P(C 7 ) preserves the 
decomposition nffi a© n. We denote by P(C 7 )| n , P(G 7 )|n its restriction to n, n part respectively. 
Now we put 

(5.9) D(i) |dct(P(C 7 )| nffifi -Id)| 1 /2 = e -™^)|det(P(C 7 )| n -Id)| = e"^> det(Id-P(G 7 )| fi ). 
Proposition 5.4. The following identity holds 

Proof. By equalities ([5T2]) . (pTT)) and l[5~%]) . 

(5.11) Tr(P,e-^ 2 )= I TrsPCg-Sff)^). 

. ^Tr^ Jr\G 



7 er\{ e } 



By Theorem 2.2 in [26], the scalar function pt(g) ■= Tr^ Pt(g) is in the Harish-Chandra i 1 -space. 
(Note that Pt(g) should not be confused with pf{r) in the subsection 15.10 Hence we can follow 
the well known path of Selberg on p. 63-66 of his famous paper [31] to obtain 

(5.12) Y, I Pt(g- 1 ig)d(Tg)= J2 vol(r 7 \G 7 ) / p t {jT l '19)d{G 1 g) 
ter\{e} Jr \ G h]er hyp Jg -<\ g 

where T 7 , G 7 denote the centralizer of 7 in T and G respectively. Now we show the following 
equality, 

(5.13) vol(r 7 \G 7 ) ■ / Pt (g- 1 ig)d(G,g)= 2 " (x. + (m 7 ) - Xg _ (m 7 )) e -^. 

We may assume that a hyperbolic element 7 <G T has the form m 7 a 7 € MA + . If 7 € AfA + , 

(5.14) f p t (g- 1 1 g)d(G 1 g)=vol(G 1 /A)- 1 [ p^g' 1 ) d(gA). 
Jg-,\g Jg/a 

We also have 

(5.15) f p t {g 1 g- 1 )d{gA) = D{ 1 )- 1 F pt (m 1 a 1 ) 

Jg/a 

where the Abel transform of pt is given by 



P Pt (m 7 a 7 ) = a? / / p t (km 1 a 1 nk )dkdn 
Jn Jk 

with a 7 = exp(nZ(G 7 )). By Theorem 6.2 in [33], we have 



(5.16) 0<7,A(Pt)= / / P Pt (mexp(r#))trCT(m)e iAr drdm. 

Here CT .A(Pi) is defined by 

Q<j,\(Pt) : = Tr^^bi) = Tr / p t (g)-K a .\(g) dx 



and for (a,H a ) e M (where Af denotes the set of equivalence classes of irreducible unitary 

4 



representations of M) and A £ the principal representation 7r CTj A := IndA/^Tvl " ® e * A ® Id) 



of G acts on the space 

JC.a := { / : G -> H a \ f(xman) = a -^ x+ ^ a{m)- 1 f{x), f\ K G L 2 (K) } 

by the left translation ir a _\(g)f(x) = f{g^ 1 x). Applying the Fourier inversion theorem and the 
Peter- Weyl theorem to the equality (|5.16|) . we get 



(5.17) F Pt (m 7 a 7 ) = ^ tr cr(m 7 ) — J Qa,\(Pt)c 



cr£M 
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Now let observe that Q a ,\(pt) vanishes unless a — a± since t^\m — a + © cr_. Moreover, we have 
(5.18) ®* ± APt) = ±Ae-* A2 

as in Proposition 3.1 in [25J by (4.5) in [27] ■ Note that the analysis for this does not depend 
on r, but is performed over G. Combining (|5.14[) . (|5.15[) . (|5.17[) . (|5.18[) and observing that 
vol(r 7 \G 7 )/vol(G 7 /A) = l(C 7 )/j{j), we conclude 



vol ( r 7 \G 7 ) J G P t ( g -^ g )d(G,g) = E ^(^y h fj^(h)e-^ x dX 

= KCi)(x* + (mj) ~ X*- M) J_ f°° . n 2 »i(cr 7 )A dX 
i(7)D(7) 2^ 7.^ 

2ttz Z(C 7 ) 2 (x CT+ (ra 7 ) - x <T _(m 7 )) «c 7 ) a 
~ (47rf)i j PW 6 

Taking the sum over [7] € Thy P of this equality and by (|5. 1 1[) and (|5.12[) , we obtain (|5.10[) . □ 

From Proposition [2131 putting c := min[ 7 ] e p hyp Z(C 7 ) > we obtain the 

Corollary 5.5. The following estimates hold 

Tr{De- tD2 ) = 0{er c2 / t ) as t -> 0; Tr^e"*^) = 0{t~^ 2 ) as t ^ 00. 

5.3. Selberg zeta function of odd type. We define the Selberg zeta functions attached to half 
spinor representations a± by 

(5.19) Z r (. ±> A):=exp(- £ f^"^)) 

[7]er hyp 

for 9?(A) > Sr- It is easy to see that Zr(cr±, A) absolutely converges for 9?(A) > Sp by (| 1 . 2[) . 
Proposition 5.6. For 3i(A) > <5r. 

00 

(5.20) 2r(tr±,A)= Jdet (id - a±(m 7 ) ® S k (P(C 1 ) l ^)e-^ +n ^ c ^ 

[7]ePr hyP fe=o 

where PPhyp is the set of T-conjugacy classes of primitive hyperbolic elements, and for an endo- 
morphism L : V — > V, S k (L) denotes the action of L on the symmetric tensor product V^ym- 

Proof. It is easy to see that log of the right hand side (|5.20[) is the same as 

00 

E Tr l0 § ( W - CT ±( m 7) ® 5 fe (P(C 7 )|n)e-( A+ ")^ C ^ 

b]GPr hyp fc=o 



[7]ePr hyp fc=o 3=1 



e _(A+n)i(C 7 ) 



E E j(7)- 1 Tr(a ± (m 7 ))Tr(^(P(C 7 ), 1T )) e "( A+ ») i (^) 
[7]er hyp fe=o 

= - E j(7)" 1 det(Id-P(C 7 )| TT )- 1 Tr(a ± (m 7 )) 1 

[7]er hyp 

Now these equalities complete the proof if we use (|5.9j) . 



e -(A+n)KC T )_ 



□ 



The Selberg zeta function of odd type is defined by 
(5.21) Z° T (A) = ffe^ for Re(A)>£i, 
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Note that the definition in (|5.2ip is shifted by — n from the one in [55], [25]. From this definition, 
the following equality follows easily 

(5.22) d x \ogZ^(X) = J2 '(C 7 )j(7)" 1 ^(7)" 1 (x. + K)-X.-K))e- A ^). 

[7]er hyp 

By Proposition [5731 and from the identity 

2 3 2 P~ X ' 

e~ tx {Airt)'ie^ dt = 



4nr 

valid for Re(A 2 ) > 0, we have 
Corollary 5.7. For Re(A) > max(5 r ,0), 

/>00 

(5.23) J e- tx \v(De- tD *)dt= l -d x \ogZ° r ^(\). 

Let us define the function uj\ on the fundamental domain Xp by 

oj\(m) := Trs[DR(X;m,m') — DR W d+i (A; m, m')] m =m' 

where Rgd+i(X) is the meromorphic extension of the resolvent of D^ d+1 . The kernel of D(R(X) — 
Rgd+i(X)) is smooth in X? x Xr and, since automorphic on H d+1 with respect to T, it induces 
a smooth kernel on X x X. From the analysis of the resolvent above, we see that it is in the 
class (ra') A+ i C°°(X x X; £) so its restriction to the diagonal followed by the local trace is in 
x 2X+d C°°(X) and thus integrable when 3?(A) > 0; moreover it is meromorphic in C \ (—N/2). By 
reversing the order of integration and trace in (|5.23j) . we can write for 3?(A) > max(<5r, 0) 

d Z° ( A) f 

(5.24) d x log Z° E (A) = A „ o r v / = -2» / w A (m) dv(m) 

and the integral of cj>(m) can be decomposed under the form J a:>e and J x<e for some boundary 
defining function x, so that it can be decomposed under the sum of a meromorphic function of A 
and of 

lim / x 2X - 1 u}' x (x,y)dxdv ho (y) 

for some lo' x smooth and meromorphic in A. As e — > 0, this has an expansion of the form A{X) + 
YIJLq e 2A+J C'j(A) for some meromorphic Cj(\), A(X), and for A > max(5r, 0) we have (|5.24[) which 
is equal to A(X) + J x ( m ^ >eo u\(m) dv(m). This shows 

Lemma 5.8. The junction d\Z£ S (A)/Zp S (A) has a meromorphic extension to C\ (—N/2) given 
by the value 

d x Z°^(X) r 

-2iFP e ^o / u\(m) dv(m) 



^T,s(^) Jx(m)>t 

where FP e ^o means the finite part as e — > 0, i/iai is i/ie constant coefficient in the expansion in 
powers of e, and u>\ is given in (|5.3| . 



In addition, using that Trs [DR^d+i (A; m, m') — DR^d+i (—A; m, m')] m =m' = for all A G C, we 
obtain 

d x ZZ y (X) dxZZy(-X) f 
(5-25) ff ' - 7 J'f ' =-2i FP^o / Tr s [DU(X; m, m')] m=m , dv(m) 

where IT(A; m, m!) := R{X; m, m') — i?(— A; m, m'). 
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5.4. Eta invariant. Wc define the eta invariant of D by 



f 



(5.26) n(D) = — t-?Tr(De- tn ) dt 



oo 



(I 



where the trace Tr means the integral of the local trace like in (|5.8p . Note that the integral on the 
right hand side of (|5.26[) is finite by Corollarv l5.5l The meromorphic extension of Z^ E (A) and its 
analyticity on [0, oo) will be proved in next section, it implies directly the following result: 

Theorem 5.9. The eta invariant of the Dirac operator over a convex co-compact hyperbolic man- 
ifold Xr satisfies 

(5.27) exp(iirr](D)) = Z^ E (0). 

Proof. We start by writing 

then we have by (|5.23l) 



r 1 ' 2 = -4 / er^dX, 



I 71 



V(D) = 2 - J" I™ e-^{De-^)dXdt = l - f ^f^<*A 

K JO JO ^ Jo Z r,s( A ) 

and this concludes the proof by Theorem l6.81 in particular, the meromorphic extension of Z^, S (A) 
over C with A = as a regular value. □ 

6. Spectral side of trace formula, Maass-Selberg relation 

With the only exception of Theorem 16.81 the dimension d + 1 in this Section can be either 
odd or even, and X can be any asymptotically hyperbolic manifold with constant curvature near 
infinity. By convention, if J(X) is an operator depending on A, we shall use the following notation 
throughout the paper 

J(A) := J(X)/C(X), with C(A)=2- 2A ^ (A A + + i 1 / / ^ ) 

where the constant C(A), already introduced in (|4.9p . satisfies C(A)C(— A) = 1. 

6.1. The Maass-Selberg relation. We now describe the Maass-Selberg relation in order to 
study the singularities of the odd Selberg zeta function in terms of scattering data. 

A corollary of the Lemma l4~7l is that the kernel of 11(A) := -R(A) — R(— A) is smooth on X x X. 
Actually, in the Mazzeo-Melrose construction described before, one can choose the same term 
Qo(^) for the parametrix of R(X) and R(—X), proving directly that 11(A) is the sum of a term 
whose lift under (3 is smooth on lx A"\(lbU rb) with a term in (xx') x+ 2 C°°(X x X; £) + 
(xx')~ x+ 2C co (X x X;£). The local trace of 11(A), i.e. the trace of the endomorphism n(A; m, to), 
is thus in 

Tr(n(A; to, to)) g C°°(X) + x 2X+d C°° (X) + x~ 2X+d C°° (X). 
From the composition properties of ^q'*'*(X; £) in Mazzeo [23], the operator DH(X) has a kernel 
which has the exact same properties as IT(A) and thus its local trace satisfies 

Tr((L>n)(A; m, m)) € C°°{X) + x 2X+d C°°(X) + x- 2X+d C°°(X). 
Lemma 6.1. Let e > and A £ C \ (Z/2) neither a pole of R(X) nor of R(—X), then 

Trv(Z?n)(A; to, m)dv 9 (m) 

(tn)>£ 

(cl(v)d x E(X; x, y, y')&(-X; y', x, y))dv ho (y')dv h M- 



-e- a I / Tk E | 

c(m)=e JdX 
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Proof. First observe that 

DE(X) = -A-E(A)clO), &{-X)D = -Xc\(v)E\-X) 
which is a consequence of Lemma 14.41 and the remark that follows. Then we get for t £ C small 

— (DE(X + t)&(-X)-E(X + t)(&(-X)D)j = --E(X + t)d(i^)&(-X). 

From Lemma \4~7\ the limit as t — ► on the right hand side is DII(A) = -\E{X)c\(v)&(-X), 
which by taking the local trace and using the fact that Tr(AB) = Tr(BA) gives 

Trs(£)II(A; m, m)) = i lim ^"Trs (e^{—X)DE(X + t)(m, m) - {E\-X)D)E{X + t)(m,m)). 

In particular, remark that the local trace on the right hand side has to vanish at t — 0. We use 
Green formula on {x > e} 

Trs(_DII(A; m, m))dv g (m) 

(m)>£ 

= - € —lhnl [ f Trv(E\-X-y\m))c\(v)E(X + t-m,y'))dv h( Xy')dv h M 

Z t ~^° 1 Jx(m)=e JdX 

= "V/ / Trs(^ tt (-A;y',m))cl(z/)9 A ^(A;m,y'))dv /l0 (t/ / )dv /le (y). 

1 Jx(m)=e JdX 

The Lemma is proved using the cyclicity of the local trace once again. □ 

In a second time, we want to consider the expression in Lemma 16.11 as e — > 0. For that we 
introduce the representation of E(X) given in Lemma H. 131 and a similar one for £«(A): E*(A) = 
£q(A) + E i oc (X) obtained by restricting (j3~12)) times x(m)" A ~5 a t m € dX and using (f3"TTj) . that 
is 

i»(a) :=x;^V" # ^w^. 

(6.1) 

El(X) := 2A[x- A -^(i?(A) - J^W)]x=o € s^C 00 ^ x X; £) 

where again E^ d+1 (X) is the corresponding operator on M. d+1 like in Lemma [4.131 and Rq{X) := 
Ro(X)*. Notice that, using the same arguments as in (|4.7[) . we obtain Eq(X; y', m) — E (X; m, y')* . 
Similarly we have S(X) = S$(A) + St(A) with 

(6.2) 3 

Sl(X) := 2X[xx'- X - i {R{X) - i?S(A))] x=x , =0 G C°°(dX x dX;£). 
and 5jid+i(A) is the operator on H d+1 like in Lemma T4. 131 Then we can prove 
Proposition 6.2. The meromorphic identity holds in X G C \ (Z/2), 

Trs(-DII(A; m, m))dv g (m) 

(m)>e 



(6.3) =-\e- d [ f \T^(c\(xd x )dxE(X;x,y,y')EU-X;y',x,y)) 

* Jx(rn)=e JdX L V ' 

+ Tr s (cl(x-a K )a Aj Boo(A; x, y, y')E<l(-X\ y', x, yfj dv ho (y')dv he (y) 



where Trs means the local trace on End(°E). 
Proof. The point is to prove the vanishing of 

Tr s (cl(v)d x E (X; x, y, y')& (-X; y', x, y) 
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so we use the explicit formula for E (X) and £q(A) given in Lemma \4. 131 and (|6.ip . We have to 
deal with terms of the form 

(6-4) Tr^cl^)^^^ 

where is the unique isometry of M d+1 extending t k o lJ 1 : ij(Uk H Uj) — » tfc(t4 n C/j) (and 
which acts smoothly up to the boundary), Xj is the vector field Xj := Lj^(xd x ) and is the 
connection on °T,(B). We use the fact that -y^Rgd+i (A) = ^H d + 1 C\)7jfc since 7jfc is an isometry so if 

«j* : = [Tjfc(a!o)/a:o]|xo=o € C 00 ^), then one deduces that t^E^+^-A) = a^" l ^ +1 (-A) 7 * fe . 
Let us consider (|6.4p . it can be written as 

A jk (X; x ,y ,y' ) ■=Xj(xo,yo)xl(ljk(xo,yo)) 

x Tr s (cliXj^dxiB^i+i (A; x , y , y' )n^ x ](3 jk (X; y' )E^ d+1 (-A; y' , x , yoU 

where tj{m) = (x Q ,y Q ) and (3 jk (y',X) := ?l 3 {y') x ~ d (i)){y')4>l{ljk(y'))- We shall show that A jk 
vanishes for algebraic reasons. First we recall from (| 2 .5 [) that 

E B d+i(\;x ,y ,y' ) = f(X)x x (xl + \y - y' Q \ 2 y x U((x ,yo),y'o) 

and a similar expression for E^ d+1 , here U is the parallel transport on H d+1 extended to the 
boundary (see Appendix [A")) and /(A) some explicit meromorphic function. Thus using the fact 
that U(mo,y' )U{y' ,mo) = Id, Aj k can be written under the form 

A jk (X; mo, y' ) = b jk (X; m ,y Q ) r Pc 1 :{c\{X j )U{m a , y' )U(y' ,m )) = b jk (X; m , j/o)Trs(cl(X,-)) 

for some bj k where too = (xq, y$). But since the dimension d > 1, the trace vanishes. □ 

We deduce from this formula 

Proposition 6.3. For A £ C \ (Z/2) not a pole of 5(A) and S(—X), the term in Pro-position 1 6. S\ 

has a limit as e — > 0, given by 

(6.5) 

lim / Tr E (DII(A;m,m))dv ff (m) = -^Tr (cl(^)[9 A §(A)5| (-A) + a A 5 00 (A)^(-A)]) . 

e ^°Jx(m)>c Z \ I 

where Tr is the usual trace for trace class operators. 

Proof. First when d + 1 is odd, we know from the discussion before Lemma 15.81 that the term 
HOP has an expansion as e -> of the form A(A) + £°1 e~ 2X Cj {X) + £°1 e 2A+J C+ (A) for 
some meromorphic functions ^4(A), C^(X). But actually the same result holds for the general AH 
manifolds where the metric has constant curvature near oo and d + 1 odd or even: indeed, using 
the parametrix (|3 . 1 0[) and the fact that the local trace Trs(£>(i? H d+i (A) — Rgd+i(—X))) = as 
explained in the Remark following Proposition ^. II it is clear that Ti^(DH(X; to, to)) is a function 
in x 2X C°°(X) + x~ 2X C°°(X). Let us then take the limit as e — > in (|6.3p . For instance consider 

x- d Tr s (clHS A £(A; x, y, y'))El(-X; y' , x, y)) , 

we can use the arguments used in the proof of Theorem 3.10 of [T3] (in the present case this is 
even simpler since they correspond only to the mixed terms there, which comes from the regularity 
EL(-X) G x- x+ ic°°{dX x X; £)) and we obtain 

(6.6) x- d Tr s (cl(v)d x E(X; x, y, y'^lM; y \ Xy y )) 

= log(z)Tr s (cl(V)S(A; y, y')Sl(-X; y', y)) + Tr s (cl(v)d x S(X; y, y')Sl(~X; y' , yfj 

+ 0(xlog(x)). 
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In a similar way we have 

(6.7) x~ d Trx (cl^dxE^iX; x, y, y')^ (-A; y', x, yfj 

= log(x)Tr s (cl(i/)5oo(A; y, y'M(-X; y', yj) + Tr s (cl( i ,)9 A 5 0O (A; y, y')^(-A; y', y)) 

+ 0(xlog(x)). 

Thus the sum of (|6.6p and (|6.7[) integrates in y, y' to a function of x of the form a(A)log(x) + 
(3(X) + 0(xlog(x)) for some meromorphic function a(A),/3(A) which we can express in terms of the 
scattering operators. But from the discussion before, we also know that this trace has no log(a;) 
coefficients and so a(X) = 0, which ends the proof by letting x — ► and writing /3(A) in terms of 
S(X),S 00 (X),Sl(-X) and Sg(-A) from @2J. □ 

Let us define the super trace of a trace class operator A on L 2 (dX, E) by 

s-TrM) := -TifclMA). 

i 

Corollary 6.4. Let A e C \ (Z/2) 6e suc/i t/ia£ 5(z) tm<i S(—z) are analytic at z = A, i/iera i/ie 
super trace s-Tr(dxS(X)S(—fJ,)) extends meromorphically in \i from 3?(A — //,)< —d to \i 6 C, if zs 
analytic in fx = X, and the following identity holds 

lim / Tr s ( J Dn(A;m,m))dv s (m) = -i s-Tr^^A)^-//))!^* 

Proof. Since d\S(X)Sl Q (—fi) and d\Soo(X)S(— //) have smooth kernels, it is clear that their super- 
trace extends meromorphically to C and is analytic at /i = A by assumption on A. Now if we 
show 

(6.8) s-Tr(5 A 5o(A)Sg(-M)) = 

then we have proved the corollary in view of Propositions 16.21 and 16.31 We have to study terms of 
the form 

(6.9) Tr(t*cl(^)9 A ^7 A * $S m 4+i(X)<f>]r)J X ^YtjkVk 3 4iS m *+i hl^)<PkVk 

where 7^ is the unique isometry of H d+1 extending ^otj 1 : Lj(Uk(~MJj) — ► ^(f/feflfT/), which acts 
also as a conformal transformation on 9f? C M. d . As above we use the fact that 7* fe i?ud+i ( — /•*) = 
i? H d+i(— /x)7* fe since 7^ is an isometry so if <x,-fc := [7^fc(^o)/^o]|a:=o S C°°(IR d ), then one deduces 

„ d_ „ _d _____ 

that 7* fc 5]H[d+i (— £t) = a jfc 2 "Sgd+i (— [j)otj k 2 7jk- So the term (|6.9p is equal to 

/ Trsfcl^^fe^^-^^l^^+^A^^O^^'fe^')"^ 1 ] 

(6.10) ^9Bx9i3 v 

^(^"^(t^))^ (-« y', y)ti(iMyM(yT- j ) (vj(y)Vj(y')) d dydy'. 

Using the explicit formula of Sjjd+i (A; y, y'), we see that the local trace of the operator above, i.e. 
the integrand in (|6.10[) . can be written under the form 

f jk (X, W y, y')Trv(d(v)U(y, y')U(y\ y)) 

for some function fj^ and where U(y, y') is the parallel transport map on spinors on H d+1 studied 
in Section [Al and extended down to the boundary K d . Thus since U(y,y')U(y' ,y) = Id and 
Trs(cl(i/)) = 0, we obtain that (|6.10p vanishes, which finishes the proof. □ 
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6.2. Analysis of residues of s-Tr(d\S(\)S(—\)). Let us define P(A) for the value at fj, = A of 
the meromorphic extension in \x of s-Tr(d\S(A)S(— fx)) 

(6.11) F(X) := s-Tr(9 A S(A)5(-/i))U=A. 

It is clear from Corollary [SH] that P(A) is meromorphic in A G C, but we want to prove that it has 
only first order poles, the residue of which are integers. Since S(X) is unitary on {9?(A) = 0, A ^ 0} 
it is analytic at A = 0, so one can define 

(6.12) §±(A) := S±(X)S T (0) : C°°(dX;°Z T ) -> C°° (<9X;°£ T ) 

which are the two diagonal components of 8(A) := S(X)S(Q) in the splitting °E+ © These 
two operators are elliptic pseudo-differential operators of complex order 2A by Proposition 14.91 

§±(A) g * 2A (aX;End( E T )), 

and their principal symbol is |£| 2A . Let D be the Dirac operator on (dX, ho) and let D T = P±DI T : 
C°°(dX; E T ) -» C°°(<9X; E ± ) be the off diagonal components of £>. If |P| T := (£>±£> T )3, it 
is possible to factorize §±(A) by (1 + |P| T )~ A S±(A)(1 + |P| T )~ A and this operator is of the form 
1 + K(X) for some meromorphic family of compact operators on L 2 (dX; it is thus Frcdholm 

on this space. Then we can use the theory of Gohbcrg-Sigal [9] like in [TTJ or Section 2 of [12] 
for these operators. In particular, one can define the null multiplicities N\ (S±(X)) of S±(A) at a 
point Ao as follows: by the theory of [9], for a meromorphic family of operators L(X) = 1 + K(X) 
acting on a Hilbert space "K with K(X) compact, with L(X) invertible for some A, then there 
exist holomorphically invertible operators U\(X), ^(A) near Ao, some (fc;)i=o,..., m € Z \ {0} (with 
m e N) and some orthogonal projectors P; on L 2 (dX, °E±) such that rank(P;) = 1 if I > 0, 
PiPj = Sij and 

TCI 

(6.13) L(X) = C/ 1 (A)(P + ^(A-A )' ;i p)c/ 2 (A), 

i=i 

then we define the null multiplicity at Ao by 

(6.14) N Xo (L(X)):=J2h. 

k,>0 

Note that, by [9], this is an integer depending only on S±(A) and not on the factorization (16.131) 
and that N\ (L(X)) = if and only if L(X)^ 1 is holomorphic at A = Ao. 

Proposition 6.5. The function P(A) of (16 . 1 1 [1 is meromorphic in X G C, one has 

(6.15) P(A) = FP Al=A TR(5 A §_(A)Sl 1 (/i)) - FP, t=A TR(5 A §+(A)§; 1 ( A/ )) 

where TR is the Kontsevich- Vishik trace of j!9j and FP M=A means the finite part ( or regular value ) 
of the meromorphic function of \i at fi = X. The poles of F(X) are first order poles, with residue 
at a pole Xq given by 

Rcs A=Ao P(A) = Tr(Rcs A=Ao (9 A S_(A)§_(A)- 1 )) -Tr(Res A=Ao (a A §+(A)§+(A)- 1 )) 

- (JVAo(S-(A)) - Nx^S-iX)- 1 )) - (N Xo (S + (X)) - N^S+iX)- 1 )) 

where N\ is the null multiplicity defined in f|6 . l-4[) . 

Proof. The first statement is straightforward since 

s-Tr(5 A 5(A)5(- M )) = TR(9 A S_(A)SI 1 ( A/ )) - TR(9 A S+(A)S; 1 ( A/ )) 

and we know from the work of Lesch [5D] that the Kontsevich- Vishik trace of an analytic family 
of log-polyhomogeneous operators A(fi) extend meromorphically to fi G C, so it suffices to use the 
fact that s-Tr(d\S(\)S(—fj,)) analytically continues to/i€C and is analytic at (j. = A to prove 
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As shown in Proposition 16. 31 F (A) can be written as a trace of a mcromorphic family of trace 
class operators, more precisely, using the fact that cl(z^) anti-commutes with S(X) and So (A) for 
all A where they are defined, 

P(A) = iTr(cl(^)(c) A S(A)S(A)- 1 - A £o(A)^j(-A)) 



Consequently, the polar part of P(A) at a pole Ao is given by the trace of the polar part (which 
is finite rank) of c1(z/)(9aS'(A)5(A)~ 1 — ^^(A)^^— A)). But clearly from the explicit formula of 
SHpi+i(A), we see that d\So(X)SQ(—X) is holomorphic in A G C. Now use that S'(O) 2 = Id to write 

, x cl^dxSWSiX)- 1 = + tI+dx(S-(\)S + {0)){S-{\)S+(Q))- 1 P + 

(6.16) _ „ _ „ 

-z/_9 A (5 + (A)S_(0))(5+(A)S_(0))- 1 P_ 

and write a factorization of the form (|6.13[) for §±(A), from which it is clear that (9 A S±(A)S±(A) _1 
has only first order poles except possibly 

m m 

C/x(A)(P + £(A - Ao) fei P)9AC/ 2 (A)C/ 2 (A)- 1 (^(A - A )- fc; P/)^i(A)- 1 
i=i i=i 

m m 

+C/i(A)(^(A - Ao) fe 'P ; )5Af/2(A)C/ 2 (A)- 1 (Po + £)(A - A )- fc 'P)C/i(A)- 1 
i=i i=i 
But this is a finite rank operator and so by the cyclicity of the trace, we deduce that the trace of 
this term is holomorphic in A. To finish the proof, it suffices to apply the main result of [S]: 

Tr(Rcs A=Ao (9 A S± (A)§± (A)" 1 )) - N Xo (S± (A)) - iV Ao (S± (A)" 1 ). 

□ 

Let us define the multiplicity of resonances as follows 

(6.17) m±(A ) :=rank(Rcs A=Ao P±(A)) 
We want to identify scattering poles and resonances. 
Proposition 6.6. Let Ao G C, then the following identity holds 

(6.18) iV Ao (S T (-A)) =m±(Ao) + U_ 1/2 _ No (A )dimkerS T (-Ao). 

Proof. We just sketch the proof since it is very similar to that of Theorem 1.1. of [12], and we 
strongly encourage the reader to look at [12]. The first thing to notice is that N\ (S±(— A)) = 
iV_ Ao (S ± (A)) and that iV Ao (§±(A)- 1 ) = iV Ao (S T (-A)) since Si(A)- 1 = S±(0)§ T (-A)S±(0)- 1 . 
Remark that P±(A) and §±(A) are analytic in {3?(A) > 0} and so the identity (|6.18|) is trivial (all 
terms are 0) for 5R(A ) > 0. 

Now suppose that 5R(Ao) < 0. First we prove that 

(6.19) #Ao(S:f(-A)) - ll_ 1/2 _ No (A )dimkerS T (-A ) < m±(A ). 
By ([44]) and ([43]) . S±(X) can be represented for 5R(A) < -| by 

S±{X;y,y') = ±i[{xx')~ x ~i R±(X;x,y,x' ,y')]\ x =x>=o 

and the expression can be extended to A € C meromorphically as a singular integral kernel using 
the blow-down maps like in (|4.10[) . Then we can apply mutatis mutandis Lemma 3.2 of [12] , where 
5(A) there is replaced by S±(X) here, the function z(X) there is A here, and we have to multiply 
the factorization (3.11) of [12] by 5^(0) on the right, which is harmless since it does not depend 
on A. We want to apply the factorization of §(A) obtained from this Lemma 3.2 of [T2] to prove 
(I6.19|) . in a way similar to Corollary 3.3 of [T5]. First the Corollary 3.3 in [T^] can also be rewritten 
(using the notations of [12]) under the form 

N\ (S(n — A)) - ll_„ /2 _ No (Ao)dimker5(n- Ao) < m Ao (z'(A)P(A)) 

by using equation (3.19) in [TJ] if Ao G n/2 — N and the fact that c(n — A) is holomorphic at all 
Aq ^ n/2 — N. Then the proof of this Corollary 3.3 in [12] can be copied word by word by replacing 
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5(n — A) and c(n — A) there by S T (— A) and C(— A) here, and m\ (z'(X)R(X)) by m±(Ao). This 
finally proves (|6.19p . 

Then we need to prove the converse inequality of (|6 . 1 9[) . From Lemma 14.71 Corollary 14.81 and 
the fact that S T (0)5±(0) = Id|o E , we deduce 

(6.20) R±(\) - R T (-X) = -^(-A)C(A)§±(A)S ; ± (0)cl(^)S* : (-A) 

which is the equivalent in our setting to the identity (3.15) of [12]. Since the Lemma 3.4 of p~2] is 
only based on the identity (3.15) in [TJ], the structure of the resolvent kernel at the boundary and 
the unique continuation principle of Mazzeo |22j , the same proof applies and is actually easier in 
our case since there is no pure point spectrum thus no resonance in the physical sheet {5ft(A) > 0}. 
This implies 

^A (§t(- A )) - U-l/2-No( A o)dimkcrS T (-A ) > m ±( A o)- 

The idea of the proof of Lemma 3.4 of [T2] is to use (|6.20[) to write the residue of R±(X) at Ao 
with 3?(Ao) < in terms of the singular part of the Laurent expansion of S±(A), itself obtained 
from a factorization of the form (|6.13p . then use the fact that i? T (— A), E T (—\) and A) are 

holomorphic in {9?(A) < 0} and finally count the rank of the residue in terms of the ki of the 
factorization (|6.13p . □ 

Theorem 6.7. The function F(X) is meromorphic with first order poles and integer residues given 
by 

Res\ = \ a F(\) =m+(A ) - m_(A ) + fLi/2-N ( A o)Ind(S_(-A )) 
= m + (A ) - m_(Ao). 
for 5R(Ao) < 0, where m±(Ao) is defined in (|6.17p . 

Proof. Apply Proposition 16.61 with Proposition 16.51 To see the index of §_(— Ao) appearing, we 
also use that S+(— Ao)* = §-(— Ao) for Ao 6 K, which come from the self-adjointness of 5(— Ao). 
The fact that the index of S_ (— Ao) vanishes comes from the invariance of the index by continuous 
deformation and the invertibility of 5(A) except on a discrete set of A e C. □ 

We deduce directly our main theorem from this Theorem, Corollarv l6.4l and the identity (|5.25D : 

Theorem 6.8. The odd Selberg zeta function Z£ ^(A) on a convex co-compact hyperbolic manifold 
Xr of dimension 2n + 1 has a meromorphic extension to C, is analytic in {5R(A) > 0}, and Ao 
is a zero or pole if and only if the meromorphic extension i?+(A) or i?_(A) of (D ± iX)^ 1 from 
{5R(A) > 0} to C have a pole at Ao, in which case the order of Ao as a zero or pole of Z^. S (A) 
( with the positive sign convention for zeros ) is given by 

RankRcs Ao i?_(A) — Rank Res^ i? + (A) . 
7. Eta invariant of odd signature operator and its structure on Schottky space 

For a (4m — l)-dimensional convex co-compact hyperbolic manifold Xr, we consider the odd 
signature operator A on odd forms A odd = ®p™ A 2p_1 acting by (— l) m+p (-kd + d*) over A 2p_1 as 
in Millson's paper [26]. Recall that A 2 = A and A is self adjoint. We want to make a sense of 

(7.1) r,{A):=^ r* / Tr A (Ae~ tA )(m) dv(m) dt 

V 71 " Jo J X r 

where Tta is the local trace on the bundle A odd . First it is easy to see that TiA(Ae~ tA ) is the 
same as Tr^m-i (*de~* A ) since the other parts are off diagonal if we write Ae~ tA as a matrix 
with respect to the natural basis of A odd . First we show that the local trace TrA2™-i (*G?e~' A ) is 
integrable on Xr- As in the spinor bundle S, the bundle of (2m— l)-forms can be understood as a 
homogeneous vector bundle given by the representation A 2m_1 with the standard representation 
(j> of SO (4m — 1), which decomposes into 

(7.2) A 2fre-1 </> | M =so(4 m -2) = A 2 ™ 1-1 ^ A 2 ." 1 " 1 ^ ffi A 2m - 2 
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where denotes the standard representation of M = SO (4m — 2). As in the subsection [5TTJ there 
is the A 2m_1 0-radial function P t associated to *de~ tA , and we have the corresponding scalar 
functions pf{r), p 2m ~ 2 (r) of P t restricting to the representation spaces on the right hand side of 
(|7.2[) . Now, as in Proposition ^. 1[ we have 

Proposition 7.1. The scalar components pf (r) , p 2m ~ 2 (r) are given by 

*M - ±^mm (-«) ! "" r^-'w.-* , n - 0. 

Proof. The equalities follow from Lemma 7.4 and Theorem 7.6 in [30j and Theorem 1.1 in [26j . □ 

Using this proposition and repeating the same argument as in Section [51 one can easily show 
that Dr^am-i (*de~ tA ) is intcgrable over X-p. By the same argument as in Proposition 15.41 and 
Corollarv l5.5l one can also obtain the corresponding results, which implies that the integral J ■ dt 
in (|7.ip converges. Hence the eta invariant r)(A) given in (|7.1[) is well defined. 

For Jf(A) > Sp, we also have the Selberg zeta function of odd type Zp A (A) just putting cr± = 
A± m_1 </j in (|5Tig|) and (|OT|) . which coincides with the one in (jl.ip introduced by Millson |26j . We 
first have a result similar to the case of spinor bundle dealt with above: 

Theorem 7.2. If Xy '■= r\H 4m_1 is a convex co-compact hyperbolic manifold, then the local trace 
Tr^sm-i (-kde~ tA ) is integrable on X for all t > 0, so that the integral (|7.ip converges and defines 
the eta invariant n(A). Moreover, if the Poincare exponent Sr < 0, 

(7.3) e mi i {A) = Z^ A (0). 

Proof. We already showed the first claim. The equality (|7.3p also easily follows from the corre- 
sponding results to Proposition 15.41 and the assumption Sr < 0, from which we do not need to 
show the meromorphic extension of Z£ a(^)- ^ 

It turns out that this eta invariant rj{A) of the odd signature operator A has an intimate 
relationship with the deformation space of the hyperbolic structures when Xy is 3-dimensional. 
To explain this, first we review the work of Zograf |35j . 

7.1. Zograf factorization formula. A marked Schottky group is a discrete subgroup T of the 
linear fractional transformations PSL(2, C), with distinguished free generators 7i, 72, • ■ ■ , 7 9 satis- 
fying the following condition: there exist 2g smooth Jordan curves C r , r = ±1, . . . , ±g, which form 
the oriented boundary of a domain f2o in C = C U {00} such that j r C r = — C_ r for r = 1, . . . ,g. 
If Q is the union of images of Slo under T, then Yp = T\Cl is a compact Riemann surface of genus 
g. The action of T on C naturally extends to the action on H 3 where <9H 3 = C and the quotient 
space Xp = T\H 3 is a Schottky hyperbolic 'S-manifold whose boundary is the Riemann surface Yr- 
Here let us remark that Sy + 1 is the Hausdorff dimension of the limit set A in effl 3 of T and Sy is 
also the smallest number such that I1{7}(1 ~ </*) absolutely converges whenever s > Sy + 1. The 
function I1{7}(1 ~ S7) was briefly described in [5] where it was asserted without the proof that 
with the values of chosen appropriately, the infinite product is defined for 3?(s) > Sr + 1 and 
has an analytic continuation to C. 

Each nontrivial element 7 £ T is loxodromic: there exists a unique number q 7 G C (the 
multiplier) such that < |g 7 | < 1 and 7 is conjugate in PSL(2, C) to z 1— > q 1 z, that is, 

jz — a~t z ~ a~j 

72 — o 7 z — b~ ( 

for some a~/ , by G C (the attracting and repelling fixed points respectively) . A marked Schottky 
group with an ordered set of free generators 71, . . . , 7 9 is normalized if a 7l = 0, & Tl = 00, a 7 , = 1. 
The Schottky space 6 g is the space of marked normalized Schottky groups with g generators. It 
is a complex manifold of dimension 3(7 — 3, covering the Riemann moduli space 97l g and with 
universal cover the Teichmuller space T g . 
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Like the Tcichmiiller space 1„, the Schottky space & g has a natural Kahlcr metric, the Wcil- 
Pctcrsson metric. In |32| . Takhtajan-Zograf constructed a Kahler potential S called classical 
Liouville action of the Weil-Petersson metric on & g , that is, 

(7.4) ddS = 2iuj W p 

where d and d are the (1, 0) and (0, 1) components of the de Rham differential d on 6 g respectively, 
and ojwp is the symplectic form of the Weil-Petersson metric. On the other hand, from the local 
index theorem for families of 9-operators in Takhtajan-Zograf |33| . the following equality also 
follows 

fVK\ 0741 DetA * 

(7.5) ddlog — — = -— uj wp 

det 1m r D7r 

where DetA denotes the (^-regularized determinant of the Laplacian A given by the hyperbolic 
metric and r denotes the period matrix. Comparing (|7.4[) with (|7.5[) . one can expect a nontrivial 
relationship between S and log ri D t e T tA ■ Indeed, in [35], [36] Zograf proved 



dct Im r ' 

Theorem 7.3. [Zograf] There exists a holomorphic function F(T) : & g — > C such that 

<™> ^ -v- K^ S ) |J?(r>1 ' 

where c g is a constant depending only on g. For points in & g corresponding to Schottky groups T 
with dr < 0, the function F(T) is given by the following absolutely convergent product: 

oo 

(7-7) F(T)=lH[(l-q 1 +™) 

{ 7 } m=0 

where q 7 is the multiplier of"/ € T, and {7} runs over all distinct primitive conjugacy classes in 
r excluding the identity. 

Combining the equalities (|7.6|) and (|7.7p , these are called Zograf factorization formula. This 
result was extended by Mclntyre-Takhtajan to the Schottky groups without the condition for Sr in 
[25j . Here they used the £- regularized determinant of A„ acting on the space of n-differentials so 
that the corresponding holomorphic function is F n (T) = II{ 7 } IIm=o(l — < ?™ + " i ) which absolutely 
converges for any Schottky group r if n > 1. 

7.2. Eta invariant as a functional over the Schottky space. By the construction of Xr and 
its boundary Yp, the eta invariant rj{A) can be understood as a functional over the Schottky space 
& g . Now a natural question is to describe the eta invariant rj{A) as a functional over 6 g . For 
this, we have 

Theorem 7.4. Let 6" to be a subset of & g consisting of normalized Schottky groups T 's with the 
property 8r < 0. Then we have 

F(T) = \F(T)\ exp (~l( A )) over K 
in particular, rj{A) is a pluriharmonic function over 6°. 

Proof. The proof is a simple application of the equality (|7.3|) . For this, as in Proposition 15. 6i we 
rewrite Zp A (A) with respect to the group PSL(2, C) as follows: 

(7 ' 8) ZVAX) ~ JkJL (l-e-^(^)--(M 7 )--|^|- 2 ^)- 

Here 7 runs over the set of T-conjugacy classes of the loxodromic elements in T and a loxodromic el- 
ement 7 can be conjugated to a diagonal matrix with the diagonal elements /Lt 7 = exp(i(Z 7 + i0 7 )), 
/i^ 1 = cxp(— i(/ 7 + iOry)) in PSL(2,C) (|/x 7 | > 1). Let us remark that the infinite product on the 
right hand side of (|7.8|) absolutely converges for 5ft(A) > Sp, in particular, at A = since Sr < 0. 
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Now comparing the definition of g 7 and /i 7 , one can see that q 7 = /i 7 2 , that is, q\j 2 = /x*. 
Hence the odd Selberg zeta function Zp A (0) has the following expression in terms of q 7 , 

*?,.«»= n n ( 1 - (5 * ,) * ? '*^* ,J ) 



[ 7 ]ePr lox M=o (l - (<7 7 ?7 9^' (<? 7 9 7 )^) 



;i-9 7 9 7 +1 ) tt ^(i-e 



n n n n c 



[ 7 ]epr lox fe,fco V" y T y 7/ [ 7 ] 6 pr lox m=o 
Combining this and (|7.3|) completes the proof. 



□ 



Remark. In the proof of Theorem 17.41 we assume the condition Sr < which simplifies the proof 
in several steps. But, one can expect that a similar result still holds over whole Schottky space 
6 g . This extension to & g is also related to the proof of the assertion of Bowcn in [5] about the 
meromorphic extension of II{ 7 }(1 — <7 7 ) ov cr C. These problems will be discussed elsewhere. 

Appendix A. Computation of parallel transport in the spinor bundle 

Let denote parallel transport in the tangent bundle of the upper half-space model H d+1 of 
hyperbolic space, between points to = (x, y), to' = (x' , y'), along the unique geodesic linking them. 
We identify T m M d+1 with using the orthonormal basis at to given by {xd x , xd Vl , . . . ,xd Vd }. 

We denote by r(m, to') the matrix of the transformation r™ written in these bases. 



Proposition A.l. Let r := \y — y'\, p^ := \f {x + x') 2 + r 2 . The special orthogonal matrix 
r(m, m') has the following coefficients: 

T 00 = 1 - 2r 2 //4 

t 0] = - 2{x + x')(yj - y'j)/ps for j = l,...,d 

tjo = 2(x + x')(yj - y'jj/ps for j = l,...,d 

Tjl = 5) - 2( % - yfifa - y[)lpl for j, I G {1, . . . , d}. 
which are smooth on the stretched product M d+1 Xq H d+1 defined in subsection[ 



Proof. Let A be the translation by (0, y 1 ) in R d+1 , composed to the left by the homothety of factor 
l/x'. This isometry of W d+1 maps to' to (1, 0). In the above trivialization of the tangent bundle, 
A* acts as the identity. Moreover, since it is an isometry, A transforms the geodesic from to to 
to' into the geodesic from A(to) to (1, 0) and preserves parallelism. Thus (as matrices) 

(A.l) t(to, to') = r(A(m), (1, 0)), where Aim) =(-,, . 

\ x' x' J 

We now concentrate on t(to, (1, 0)). 

If y = it is clear that t((.t, 0), (1, 0)) is just the identity matrix. Suppose y ^ 0. Let 
d r '■= 7 Sj=i Vjdyj denote the radial vector field, defined outside the vertical line through the 
origin. Define R := xd r , X := xd x . For each j > 1 set ej := xd Vj , and let Tj := ej — (ej,R)R 
denote the component of ej which is tangent to the sphere 5' d_1 . The geodesic from to to (1, 0) lives 
in the totally geodesic plane II m passing through (1, 0) and to, which is a copy of the hyperbolic 
2-space. Along this plane the vector fields Tj extend smoothly at the vertical line through the 
origin. It is clear that the vector fields Tj are parallel along II m . 

Lemma A. 2. In the plane Tl m , parallel transport between to and (1,0) is given by the complex 
number 

— r + i(l + x) 
r + i(l + x) 

Proof. We use as (real) basis for TH m the orthonormal vector fields X and R. The complex 
structure rotates R to X. The formula is deduced from the similar formula in H 2 . □ 



34 



COLIN GUILLARMOU, SERGIU MOROIANU, AND JINSUNG PARK 



Equivalcntly, in the basis {X, R}, parallel transport is given by the 2x2 orthogonal matrix 

~{x + l) 2 -r 2 2r(x+l) 
-2r{x + \) [x + lf-r 2 



-2 

Ps 



We decompose a vector V = a^X +X}j=i a j e j m t° its tangent, respectively orthogonal components 
to Il m as follows: 

(d \ d 

», J />' ' X".- 7 - 

Since Tj arc parallel, the orthogonal component is constant during parallel transport. Using (jA.ll) 
and Lemma IA.2| we write 

d d d 

r(m, m')(aoX + a j e j) =aoT(X) + a>j(ej, R)t(R) + a jTj 
i=i j'=i 3=1 

(x + x') 2 — r 2 r(x + sc') \ 

=ao 2 + ^ao 2 ° + y, a i\ e j ~ ( e i> R/R) 

Ps Ps j=1 

. „. / 2r(x + x') v (a: + x'f - r 2 n 
+ J2a j (e j ,R)[ ^—>X+ K - > R 

from which the proposition follows, since (ps, (y — y') / ps, y' , x/ ps, x' j ps) are smooth coordinates 
on the blow-up M d+1 x M d+1 . □ 

The above oriented basis {X, ei, . . . , ed] of TM d+1 extends smoothly to the boundary {0} x M. d 
of HI + as an orthonormal basis of the zero tangent bundle with respect to the hyperbolic metric. 
Therefore, by the Proposition above, r(m, m') is a smooth section on H d+1 XoH d+1 in the pull-back 
vector bundle 

f3*{TrfTU d+1 H 7r* r*I d+1 ). 

The orthonormal frame bundle Pso of the 0-tangent bundle is trivialized over H + by the frame 
p — {X, e\, . . . , ed}, therefore the (unique) spin structure Pspin is identified with H x Spin(rf+1). 
Denote by p one of the lifts of p to Pspin- By definition of the lifted connection, parallel transport 
in Pspin of the section p along the geodesic from to to to' is p U(m, to'), where U (m, to') the unique 
lift of the SO(d + l)-valued function t(to, to') to the Spin(d + 1) group, starting at the identity 
for to = to'. Thus, parallel transport of a constant section a (with respect to the trivialization p) 
in the spinor bundle is simply 

T ln [P^\ = \pU(m,m'),a] = [p,U(m,m)a] 
where multiplication in the last term is the spinor representation. By abuse of notation we write 
U(m, to') for t™ . 

Proposition A. 3. Let to = (x,y),m! = (x',y r ) G H + . In the above trivialization of the spinor 
bundle, parallel transport takes the form 

U(m,m') = - -cl(X)cl(R). 

P P 

Proof. We view the Spin(c? + 1) group inside the Clifford algebra as the group generated by even 
Clifford products of unit vectors. The projection 7r : Spin(eZ + 1) — > SO(rf + f ) is given by the 
adjoint action in the Clifford algebra on vectors: 

tt(c)(V) := cVc-\ 

the kernel being precisely {±1}. We must therefore examine the adjoint action of A(m,m') := 
z±f - ^cl(X)cl(R) on °TH d+1 . Note that any Clifford element of the form a + /3cl(X)cl(R) with 
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a 2 + j3 2 = 1 belongs to the Spin group. Next, A~ 1 {m, m') = + -^cl(X)cl(R) so 

f(x + x') 2 r 2 \ (x + x')r 
n(A(m,m'))X = ± ^ T )X - 2^ 

\ Pa PsJ Ps 
which coincides with the action of r(m, m') on X from Proposition lA.fi Similarly, for the vector 
fields Tj from the proof of Proposition I A. 1 1 we have n(A(m, m'))Tj = Tj = T(m,m')Tj. Thus 
Tr(A(m,m')) = r(m, m'). The proof is finished by noting that A(m,m') was normalized so that 
A(m,m) = 1. □ 

Corollary A. 4. Let m! — (1, 0), m = (0, rw). In the limit r — > oo, the parallel transport U (m, m') 
tends to -cl(X)cl(R). 
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